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1. INTRODUCTION
1 Introduction
We present a statistical analysis of turbulent convection in stars within our Reynolds-Averaged Navier Stokes (RANS)
framework in spherical geometry which we derived from first principles (see §17 and further sections for details). The
primary results reported in this document include (1) an extensive set of mean-field equations for compressible, multi-species
hydrodynamics and (2) corresponding mean-field data computed from various simulation models. Some supplementary scale
analysis data is also presented.
The simulation data which is presented includes (1) shell convection during oxygen burning in a 23 M supernova
progenitor, (2) envelope convection in a 5 M red giant, (3) shell convection during the helium flash, and (4) a hydrogen
injection flash in a 1.25 M star. These simulations have been partially described previously in Meakin [2006], Meakin and
Arnett [2007a,b, 2010], Arnett et al. [2009, 2010], Viallet et al. [2011, 2013a,b] and Moca´k et al. [2009, 2011]. New data
is also included in this document with several new domain and resolution configurations as well as some variations in the
physical model such as convection zone depth and driving source term.
The long term goal of this work is to aid in the development of more sophisticated models for treating
hydrodynamic phenomena (e.g., turbulent convection) in the field of stellar evolution by providing a direct
link between 3D simulation data and the mean fields which are modeled by 1D stellar evolution codes. As
such, this data can be used to test previously proposed turbulence models found in the literature and sometimes used in
stellar modeling (see e.g. §11). This data can also serve to test basic physical principles for model building and inspire new
prescriptions for use in 1D evolution codes.
1.1 Derivation of RANS Equations
We present an extensive set of mean-field evolution equations in the same spirit as those studied in classical turbulence
research [e.g., Hinze, 1975] but extended to the fully compressible, multi-species treatment in spherical geometry relevant to
stellar interiors. (A complimentary set of mean-field equations in the ideal magnetohydrodynamics (MHD) approximation
will be released in the future.) Although the equations presented here are similar to those recently published in Canuto
[2011a,b,c,d,e] we have adopted a different approach. In particular, we present our equation set completely unmodeled and
unclosed and without approximation. Our intention is to provide exact evolution equations together with what is in essence
raw data to be used to check approximations in models such as those presented in Canuto’s and similar works (an example
of this is presented in §11). Therefore, this work is largely pedagogical and includes lengthy derivations in later sections.
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1. INTRODUCTION
The equation set presented describes the time evolution of a variety of mean quantities. Examples include the mean
specific internal energy, the mean specific entropy, the mean convective flux (enthalpy flux), the mean entropy flux, the mean
specific kinetic energy (velocity variance), the mean composition, and the Reynolds stresses, to name just a few. The mean
fields are all one-dimensional (a function of only radial coordinate or enclosed mass) and time-dependent such that they
correspond to the quantities modeled in traditional 1D stellar evolution codes (see e.g. Kippenhahn and Weigert [1990],
Paxton et al. [2011]). While we believe that this document is relatively complete and self-contained, we encourage readers
that are not that familiar with RANS equation sets to peruse Viallet et al. [2013b] for additional background and discussion
on the general approach as well as basic textbooks on turbulence modeling such as that by Pope [2000].
We obtain our 1D RANS equations by introducing two types of averaging: statistical averaging and horizontal averaging
[Besnard et al., 1992, Viallet et al., 2013b]. In practice, statistical averages are computed by performing a time average (the
ergodic hypothesis). Therefore, the combined average of a quantity q is defined as
q(r, t) =
1
T∆Ω
∫ t+T/2
t−T/2
q(r, θ, φ, t′) dΩ dt′ (1)
where dΩ = sin θdθdφ is the solid angle in spherical coordinates, T is the averaging time period, and ∆Ω is total solid angle
being averaged over. This type of average is referred to as a Reynolds average.
The flow variables are then decomposed into mean and fluctuation q = q + q′, noting that q′ = 0 by construction.
Similarly, we introduce Favre (or density weighted) averaged quantities by
q˜ =
ρq
ρ
(2)
which defines a complimentary decomposition of the flow into mean and fluctuations according to q = q˜ + q′′. Here, q′′ is
the Favrian fluctuation and its mean is zero when Favre averaged q˜′′ = 0. For a more complete elaboration on the algebra
of these averaging procedures we refer the reader to §19 and 20 as well as Chassaing et al. [2010].
A note on domain geometry: All of the simulation data examined in this document has been modeled using a
spherical coordinate system and all of the mean-fields are presented as one-dimensional mean fields in spherical coordinates.
The choice of a spherical coordinate system results in several terms due solely to curvilinear coordinates such as the fictitious
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Coriolis and centrifugal forces. For readability and concision we denote these so-called ”geometric terms” with the super-
and sub-scripted symbols G and G (see definitions in Tables 1 to 4).
On a practical note, all of the simulation data studied in this document use computational domains that are restricted
to sectors (or wedges) in the spherical coordinate system and have periodic boundary conditions in both angular directions.
Therefore the angular components of divergence terms vanish upon averaging (see §26).
Finally, it is worth mentioning that while we are able to present the current data in a 1D mean-field format, flows that
involve rotation and/or large-scale magnetic field must be extended to at least a 2D mean-field description in order to retain
self-consistency since these phenomena break the spherical symmetry of the system. This issue is discussed a bit further in
Viallet et al. [2013b] (see their §§3 and 5).
A note on nomenclature: Mean fields are often referred to as moment equations and the order of the equation is simply
the number of items in the product which defines the quantity. For example, the evolution equation for the mean velocity is
a first-order moment equation since the mean velocity, e.g. u˜i, is not a product. The entropy flux is a second-order moment
since it is defined by the covariance of two quantities, fs = ρs˜′′u′′r , that of the Favrian entropy and velocity fluctuation (the
mean density which multiplies this quantity is not counted by convention).
Another convention which we adopt in some places in this document is to refer to the evolution equations for mean-field
quantities as budget equations.
1.2 Data Analysis and Presentation
We have computed the various terms appearing in a large number of the mean-field evolution equations that we have derived
as well as the mean-fields themselves in several cases (e.g., mean turbulent kinetic energy and mean entropy profiles), all
for a diverse set of stellar convection simulation data. In general, the mean fields are calculated from the simulation data
according to the averaging operators defined in eqs. 1 and 2 above. Two averaging methods have been employed, one more
accurate than the other. The most accurate method is to calculate averages during the course of the simulation so that every
time-scale in the problem is sampled. This turns out to be an important issue because of the presence of acoustic phenomena
that is often characterized by timescales smaller than the increment in simulation time used to store output data when using
a compressible hydrodynamics simulation code.
For cases in which we do not have run-time averaged data stored, we find that we can filter troublesome acoustic
phenomena (which is primarily radial in nature, including pressure waves trapped by the inner and outer boundaries)
because it is generally of such a low amplitude that its impact on the other fields is negligible. In particular, as described
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previously in the appendix of Arnett et al. [2009], we are able to successfully identify the instantaneous fluctuations in any
given snapshot by using a horizontally averaged mean rather than the full time-and-horizontally averaged mean.
A comparison with run-time averaged data shows that this procedure is very accurate for the mean-field data presented
below. However, it should be kept in mind that if one were interested in studying the interaction of high frequency waves
with turbulence or other physics (e.g., with nuclear burning as in an epsilon mechanism) then a more accurate run-time
averaged data set would be needed if a fully sampled set of flow snapshot data were not available. In general, data sets
which sample the acoustic time-scale are prohibitively large at present, even for modest resolution calculations and can easily
exceed a petabyte.
A note on numerics: The data presented in this document was computed using three separate, but similar codes:
MUSIC [Viallet et al., 2011, 2013a], PROMPI [Meakin and Arnett, 2007a], and Herakles [Moca´k et al., 2009], all built
around conservative, finite-volume solvers. PROMPI and Herakles both use piecewise parabolic method (PPM; see Colella
and Woodward [1984], Colella and Glaz [1985]) solvers and have been used to simulate the oxygen-burning shell models
(PROMPI; Tables 5), and the helium burning models (Herakles; Tables 7). The MUSIC code, which uses a finite-volume
scheme on a staggered grid was used to simulate red giant envelope convection (Table 6).
The extremely large Reynolds numbers expected for stellar turbulence (larger than 1010) makes it impossible to model all
scales of the flow, from the stellar scale (or even the scale of a pressure or density scale height) down to the dissipation scale,
on the current generation of computers. Therefore, as discussed in Viallet et al. [2013b] and Meakin and Arnett [2007a], we
do not model viscosity explicitly and instead opt to solve the inviscid Euler equations and relegate the action of viscosity to
the numerics, an approach referred to as implicit large eddy simulation (ILES; Grinstein et al. [2007]). This approach is to be
distinguished from both direct numerical simulation (DNS), wherein the viscosity (and other relevant molecular properties
of the gas) are directly simulated down to the scales on which the flow is smooth within the continuum approximation; as
well as large eddy simulation (LES), which employs a model to account for the impact that sub-grid scales (SGS) have on
resolved scales. LES methods are strongly dependent on the choice of SGS model and, despite interesting developments,
remains an active area of research with difficult outstanding issues regarding flows under circumstances expected in stellar
interiors (e.g., Sullivan and Patton [2011]). In fact, one of the main conclusions of this last reference was that LES was found
to converged with resolution only once an inertial range was captured by the simulation, a condition which is in fact suited
for ILES and thus obviating the need for an SGS model. Another motivation for choosing an ILES approach over LES is
that, in some sense, ILES allows one to achieve the highest effective Reynolds number (or equivalently, the smallest effective
Kolmogorov length scale) for a given number of grid zones since LES models generally result in additional mixing at the grid
scale. This last point also applies to DNS.
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While ILES provides arguably the highest effective Reynolds number for a given computational cost (see e.g. Benzi et al.
[2008]) the role played by dissipative processes (such as viscosity and molecular diffusion) must be quantified in a manner
indirect compared to DNS. Furthermore, these processes will depend on the specific flow and computational grid choice in a
way that is not readily predicted prior to simulation. Therefore, ILES simulations are best suited to circumstances in which
the flow is not dependent on the details at the dissipation scale, a circumstance typified by the Kolmogorov cascade found
in high Reynolds number turbulent flow [Kolmogorov, 1941, Aspden et al., 2008].
Despite the indirect treatment of dissipative processes in ILES simulations one can use mean-field equations to quantify
their effect to the extent that the hydrodynamics algorithm is formulated in a conservative manner. As an example, consider
the turbulent kinetic energy (TKE) evolution equation (eq. 21). This budget equation will not balance for a dissipative
momentum-conserving hydrodynamics scheme but will instead result in a residual term which we denote by Nk that can
be recovered by summing all of the other explicitly modeled terms. In this example Nk quantifies the rate at which TKE
is dissipated by the numerical scheme and provides a measure of the degree to which the solution deviates from that of
truly inviscid hydrodynamics. (As discussed in Meakin [2008], Meakin and Arnett [2007a], Arnett et al. [2009], Viallet et al.
[2013b], the TKE dissipation found by this method is consistent with fully developed turbulence and the presence of an
inertial range). In our analysis, we have defined an analogous residual term for each of the mean-field budget equations
that can be directly calculated from the simulation data and which provides insight into and quantitative information about
the dissipation and transport phenomena taking place near the grid scale in ILES calculations. This technique provides a
powerful tool for analyzing the turbulent phenomena being modeled (see super- and sub-scripted N terms in §2 and Tables 1
to 4 where they are referred to as ”numerical effects”).
A note on units: cgs units are used throughout. In addition, it should be noted that all calculated mean fields
presented in this document are multiplied by the area factor 4pir2 to reflect the volume increment in spherical geometry
which helps visualize the volume integral budgets of the individual mean fields which are then equivalent to the area below
the corresponding mean field profiles. This area factor is not reflected in the legends for each figure but it is reflected by the
units in each y-axis label.
1.3 Availability of Raw Data
We will continue to make the data presented in this document available for download. At present the subset of data discussed
in Viallet et al. [2013b] is available at http://www.stellarmodels.org.
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1.4 Structure of this Document
While this document is primarily meant as a reference for our research group, we are posting it publicly because we believe it
has pedagogical significance for the field of stellar hydrodynamics and contains unique data and formulae that do not have a
natural outlet for publishing and which can not be found elsewhere. We suggest that an interested reader simply browse the
table of contents for orientation and then scroll through the remainder of the document in order to familiarize themselves
with its content which we feel is fairly self explanatory. The authors are happy to address any questions that you might have
or provide you with raw data if you are interested. Casey Meakin (casey.meakin@gmail.com) is a good first point of contact.
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2. SUMMARY OF REYNOLDS-AVERAGED NAVIER STOKES EQUATIONS IN SPHERICAL GEOMETRY
2 Summary of Reynolds-averaged Navier Stokes equations in spherical geometry
2.1 Various mean fields equations (first-order moments)
D˜tρ =− ρd˜+Nρ (3)
ρD˜tu˜r =−∇rR˜rr −GMr − ∂rP + ρg˜r +Nur (4)
ρD˜tu˜θ =−∇rR˜θr −GMθ − (1/r)∂θP +Nuθ (5)
ρD˜tu˜φ =−∇rR˜φr −GMφ +Nuφ (6)
ρD˜t˜I =−∇r(fI + fT )− P d−WP + S +NI (7)
ρD˜t˜k =−∇r(fk + fP )− R˜ir∂ru˜i +Wb +WP + ρD˜t(u˜iu˜i/2) +Nk (8)
ρD˜t˜t =−∇r(fI + fT + fk + fP )− R˜ir∂ru˜i − P d+Wb + S + ρD˜t(u˜iu˜i/2) +Nt (9)
ρD˜th˜ =−∇rfh − Γ1P d− Γ1WP + Γ3S + Γ3∇rfT +Nh (10)
ρD˜ts˜ =−∇rfs − (∇ · FT )/T + S/T +Ns (11)
DtP =−∇rfP − Γ1P d+ (1− Γ1)WP + (Γ3 − 1)S + (Γ3 − 1)∇rfT +NP (12)
DtT =−∇rfT + (1− Γ3)T d+ (2− Γ3)T ′d′ + (∇ · FT )/ρcv + (τij∂iuj)/ρcv + nuc/cv +NT (13)
ρD˜tX˜α =−∇rfα + ρ ˜˙Xnucα +Nα (14)
ρD˜tA˜ =−∇rfA − ρA2Σα(X˙nucα /Aα) +NA (15)
ρD˜tZ˜ =−∇rfZ − ρZAΣα(X˙nucα /Aα) + ρAΣα(ZαX˙nucα /Aα) +NZ (16)
ρD˜tj˜z =−∇rfjz +Njz (17)
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2.2 Mean Reynolds stress equations (second-order moments)
ρD˜t
(
R˜rr/ρ
)
=−∇r(2f rk + 2fP ) + 2Wb − 2R˜rr∂ru˜r + 2P ′∇ru′′r + 2Grk +NRrr (18)
ρD˜t
(
R˜θθ/ρ
)
=−∇r(2fθk )− 2R˜θr∂ru˜θ + 2P ′∇θu′′θ + 2Gθk +NRθθ (19)
ρD˜t
(
R˜φφ/ρ
)
=−∇r(2fφk )− 2R˜φr∂ru˜φ + 2P ′∇φu′′φ + 2Gφk +NRφφ (20)
2.3 Mean turbulent kinetic energy equations (second-order moments)
ρD˜tk˜ =−∇r(fk + fP )− R˜ir∂ru˜i +Wb +WP +Nk (21)
ρD˜tk˜
r =−∇r(f rk + fP )− R˜rr∂ru˜r +Wb + P ′∇ru′′r + Grk +Nkr (22)
ρD˜tk˜
h =−∇rfhk − (R˜θr∂ru˜θ + R˜φr∂ru˜φ) + (P ′∇θu′′θ + P ′∇φu′′φ) + Ghk +Nkh (23)
(24)
2.4 Mean turbulent mass flux and mean density-specific volume covariance equation (second-order
moments)
ρD˜tu′′r =− (ρ′u′ru′r/ρ)∂rρ+ (R˜rr/ρ)/∂rρ− ρ∇r(u′′r u′′r) +∇rρ′u′ru′r − ρu′′r∇rur + ρu′rd′′ − b∂rP + ρ′v∂rP ′ + Ga +Na (25)
Dtb = + v∇rρu′′r − ρ∇r(u′rv′) + 2ρv′d′ +Nb (26)
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2.5 Mean flux equations (second-order moments)
ρD˜t(fI/ρ) =−∇rf rI − fI∂ru˜r − R˜rr∂r ˜I − ′′I∂rP − ′′I∂rP ′ − u′′r (Pd) + u′′r(S +∇ · FT ) + GI +NfI (27)
ρD˜t(fh/ρ) =−∇rf rh − fh∂ru˜r − R˜rr∂rh˜− h′′∂rP − h′′∂rP ′ − Γ1u′′r (Pd) + Γ3u′′r(S +∇ · FT ) + Gh +Nh (28)
ρD˜t(fs/ρ) =−∇rf rs − fs∂ru˜r − R˜rr∂rs˜− s′′∂rP − s′′∂rP ′ + u′′r(S +∇ · FT )/T + Gs +Nfs (29)
ρD˜t(fα/ρ) =−∇rf rα − fα∂ru˜r − R˜rr∂rX˜α −X ′′α∂rP −X ′′α∂rP ′ + u′′rρX˙nucα + Gα +Nfα (30)
ρD˜t(fA/ρ) =−∇rf rA − fA∂ru˜r − R˜rr∂rA˜−A′′∂rP −A′′∂rP ′ − u′′rρA2ΣαX˙nucα /Aα + GA +NfA (31)
ρD˜t(fZ/ρ) =−∇rf rZ − fZ∂ru˜r − R˜rr∂rZ˜ − Z ′′∂rP − Z ′′∂rP ′ − u′′rρZAΣα(X˙nucα /Aα)− u′′rρAΣα(ZαX˙nucα /Aα)+
+ GZ +NfZ (32)
ρD˜t(fjz/ρ) =−∇rf rjz − fjz∂ru˜r − R˜rr∂r j˜z − j′′z ∂rP − j′′z ∂rP ′ + Gjz +Njz (33)
D˜tfT =−∇rf rT − fT∂rur − u′ru′′r∂rT − T ′∂rP/ρ− (Γ3 − 1)(T u′rd′′ + d˜ u′rT ′ + u′rT ′d′′) + T ′u′rd′′ + u′rnuc/cv+
+ u′r∇ · FT /ρcv + GT +NfT (34)
2.6 Mean Reynolds variance equations (second-order moments)
D˜tσρ =−∇r(ρ′ρ′u′′r)− 2ρ ρ′d′′ − 2ρ′u′′r∂rρ− 2d˜ σρ − ρ′ρ′d′′ +Nσρ (35)
D˜tσP =−∇r(P ′P ′u′′r)− 2Γ1P WP − 2fP∂rP − 2Γ1d˜ σP − (2Γ1 − 1)P ′P ′d′′ + 2(Γ3 − 1)P ′S +NσP (36)
D˜tσT =−∇r(T ′T ′u′′r)− 2(Γ3 − 1)TT ′d′′ − 2T ′u′′r∂rT − 2(Γ3 − 1)d˜σT + (3− 2Γ3)T ′T ′d′′ + 2T ′∇ · FT /ρcv+
+ 2T ′nuc/cv +NσT (37)
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2.7 Mean Favrian variance equations (second-order moments)
ρD˜tσur =−∇r(ρu′′ru′′ru′′r) + 2∇rfP + 2Wb − 2R˜rr∂ru˜r + 2P ′∇ru′′r + Gσur +Nσur (38)
ρD˜tσI =−∇r(ρ′′I ′′Iu′′r)− 2fI∂r ˜I − 2′′I P d˜− 2P ′′Id′′ − 2d˜ ′′IP ′ − 2′′IP ′d′′ + 2′′IS +NσI (39)
ρD˜tσs =−∇r(ρs′′s′′u′′r)− 2fs∂rs˜− 2s′′∇ · FT /T + 2s′′S/T +Nσs (40)
ρD˜tσα =−∇r(ρX ′′αX ′′αu′′r)− 2fα∂rX˜α + 2X ′′αρX˙nucα +Nσα (41)
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Table 1: Definitions
ρ density gr radial gravitational acceleration
T temperature S = ρnuc(q) nuclear energy production (cooling function)
P pressure τij = 2µSij viscous stress tensor (µ kinematic viscosity)
ur, uθ, uφ velocity components Sij = (1/2)(∂iuj + ∂jui) strain rate
u = u(ur, uθ, uφ) velocity R˜ij = ρu˜
′′
i u
′′
j Reynolds stress tensor
jz = r sin θ uφ specific angular momentum FT = χ∂rT heat flux
d = ∇ · u dilatation Γ1 = (d ln P/d ln ρ)|s
I specific internal energy Γ2/(Γ2 − 1) = (d ln P/d ln T )|s
h specific enthalpy Γ3 − 1 = (d ln T/d ln ρ)|s
k = (1/2)u˜′′i u
′′
i turbulent kinetic energy k˜
r = (1/2)u˜′′ru′′r = (1/2)R˜rr/ρ radial turbulent kinetic energy
k specific kinetic energy k˜
θ = (1/2)u˜′′θu
′′
θ = (1/2)R˜θθ/ρ angular turbulent kinetic energy
t specific total energy k˜
φ = (1/2)u˜′′φu
′′
φ = (1/2)R˜φφ/ρ angular turbulent kinetic energy
s specific entropy k˜h = k˜θ + k˜φ horizontal turbulent kinetic energy
v = 1/ρ specific volume fk = (1/2)ρ ˜u′′i u′′i u′′r turbulent kinetic energy flux
Xα mass fraction of isotope α f
r
k = (1/2)ρ
˜u′′ru′′ru′′r radial turbulent kinetic energy flux
X˙nucα rate of change of Xα f
θ
k = (1/2)ρ
˜u′′θu′′θu′′r angular turbulent kinetic energy flux
Aα number of nucleons in isotope α f
φ
k = (1/2)ρ
˜u′′φu′′φu′′r angular turbulent kinetic energy flux
Zα charge of isotope α f
h
k = f
θ
k + f
φ
k horizontal turbulent kinetic energy flux
A mean number of nucleons per isotope Wp = P ′d′′ turbulent pressure dilatation
Z mean charge per isotope Wb = ρu′′r g˜r buoyancy
fP = P ′u′r acoustic flux fT = −χ∂rT heat flux (χ thermal conductivity)
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Table 2: Definitions (continued)
fI = ρ˜′′Iu′′r internal energy flux fα = ρX˜ ′′αu′′r Xα flux
fs = ρs˜′′u′′r entropy flux fjz = ρj˜′′zu′′r angular momentum flux
fT = u′rT ′ turbulent heat flux fA = ρA˜′′u′′r A (mean number of nucleons per isotope) flux
fh = ρh˜′′u′′r enthalpy flux fZ = ρZ˜ ′′u′′r Z (mean charge per isotope) flux
b = v′ρ′ density-specific volume covariance Nρ,Nur,Nuθ,Nuφ,Njz,Nα,NA,NZ numerical effect
fτ = f
r
τ + f
θ
τ + f
φ
τ viscous flux NI = −∇rfτ + εk numerical effect
f rτ = −τ ′rru′r viscous flux Nk = −εk numerical effect
fθτ = −τ ′θru′θ viscous flux Nt = −∇rfτ numerical effect
fφτ = −τ ′φru′φ viscous flux Ns = −εk/T numerical effect
fhτ = f
θ
τ + f
φ
τ viscous flux Nh = −∇rfτ + (Γ3 − 1)εk numerical effect
f rI = ρ
˜′′Iu′′ru′′r radial flux of fI NP = +(Γ3 − 1)εk numerical effect
f rs = ρ
˜s′′u′′ru′′r radial flux of fs NT = +(τij∂jui)/(cvρ) numerical effect
f rh = ρ
˜h′′u′′ru′′r radial flux of fh NRrr = −2∇rf rτ − 2εrk numerical effect
f rT = T
′u′ru′r radial flux of fT NRθθ = −2∇rfθτ − 2εθk numerical effect
f rjz = ρ
˜j′′zu′′ru′′r radial flux of fjz NRφφ = −2∇rfφτ − 2εφk numerical effect
f rα = ρ
˜X ′′αu′′ru′′r radial flux of fα Nk = −∇rfτ − εk numerical effect
f rA = ρ
˜A′′u′′ru′′r radial flux of fA Nkr = −∇rf rτ − εrk numerical effect
f rZ = ρ
˜Z ′′u′′ru′′r radial flux of fZ Nkh = −∇rfhτ − εhk numerical effect
Grk = −(1/2)GRrr − u′′rGMr Na = −εa numerical effect
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Table 3: Definitions (continued)
Gθk = −(1/2)GRθθ − u′′θGMθ Nb numerical effect
Gφk = −(1/2)GRφφ − u′′φGMφ NfI = −∇r(′′Iτ ′rr) + u′′rτij∂iuj − εI numerical effect
Ghk = +Gθk + Gφk Nfh = −∇r(h′′τ ′rr) + u′′r(Γ3 − 1)τij∂iuj − u′′r∇iuiτji − εh numerical effect
Ga = +ρ′vGMr Nfs = −∇r(s′′τ ′rr) + u′′rτij∂iuj/T − εs numerical effect
GI = −GIr − ′′IGMr NfA = −∇r(A′′τ ′rr)− εA numerical effect
Gα = −Gαr −X ′′αGMr NfZ = −∇r(Z ′′τ ′rr)− εZ numerical effect
GA = −GAr −A′′GMr Nfα = −∇r(α′′τ ′rr)− εα numerical effect
GZ = −GZr − Z ′′GMr Nfjz = −∇r(j′′z τ ′rr)− εjz numerical effect
Gh = −Ghr − h′′GMr NfT = +T ′∂iτri/ρ+ u′rτij∂iuj/ρcv numerical effect
GT = −GTr − T ′GMr Nα numerical effect
Gs = −Gsr − s′′GMr NA numerical effect
Gjz = −Gjzr − j′′zGMr NZ numerical effect
σρ = ρ′ρ′ Nσρ numerical effect
σP = P ′P ′ NσP = +2(Γ3 − 1)P ′τij∂iuj numerical effect
σT = T ′T ′ NσT = +2T ′τij∂iuj/ρcv numerical effect
σur = u˜′′ru′′r Nσur = +2∇rf rτ − 2εrk numerical effect
σs = s˜′′s′′ Nσs = +2s′′τij∂jui/T numerical effect
σα = X˜ ′′αX ′′α Nσα numerical effect
σI = ˜′′I 
′′
I NσI = +2
′′
Iτij∂jui numerical effect
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Table 4: Definitions (continued)
εrk = τ
′
rr∂ru
′′
r + τ
′
rθ(1/r)∂θu
′′
r + τ
′
rφ(1/r sin θ)∂φu
′′
r G
M
r = −ρuθuθ/r − ρuφuφ/r
εθk = τ
′
θr∂ru
′′
θ + τ
′
θθ(1/r)∂θu
′′
θ + τ
′
θφ(1/r sin θ)∂φu
′′
θ G
M
θ = +ρuθur/r − ρuφuφ/(r tan θ)
εφk = τ
′
φr∂ru
′′
φ + τ
′
φθ(1/r)∂θu
′′
φ + τ
′
φφ(1/r sin θ)∂φu
′′
φ G
M
φ = +ρuφur/r + ρuφuθ/(r tan θ)
εk = ε
r
k + ε
θ
k + ε
φ
k G
R
rr = −ρu′′θu′′θu′′r/r − ρu′′θu′′ru′′θ/r − ρu′′φu′′φu′′r/r − ρu′′φu′′ru′′φ/r
εhk = ε
θ
k + ε
φ
k G
R
θθ = +ρu
′′
θu
′′
ru
′′
θ/r + ρu
′′
θu
′′
θu
′′
r/r − ρu′′φu′′φu′′θ/(r tan θ)− u′′φu′′θu′′φ/(r tan θ)
εa = ρ′v∇rτ ′rr GRφφ = +ρu′′φu′′rrφ/r + ρu′′φu′′θu′′φ/(r tan θ) + ρu′′φu′′φu′′r/r + ρu′′φu′′φu′′θ/(r tan θ)
εI = τ ′rr∂r′′I + τ
′
rθ(1/r)∂θ
′′
I + τ
′
rφ(1/r sin θ)∂φ
′′
I G
I
r = −ρ′′Iu′′θu′′θ/r − ρ′′Iu′′φu′′φ/r
εs = τ ′rr∂rs′′ + τ ′rθ(1/r)∂θs′′ + τ
′
rφ(1/r sin θ)∂φs
′′ Gsr = −ρs′′u′′θu′′θ/r − ρs′′u′′φu′′φ/r
εα = τ ′rr∂rX ′′α + τ ′rθ(1/r)∂θX ′′α + τ
′
rφ(1/r sin θ)∂φX
′′
α G
α
r = −ρX ′′αu′′θu′′θ/r − ρX ′′αu′′φu′′φ/r
εA = τ ′rr∂rA′′ + τ ′rθ(1/r)∂θA′′ + τ
′
rφ(1/r sin θ)∂φA
′′ GAr = −ρA′′u′′θu′′θ/r − ρA′′u′′φu′′φ/r
εZ = τ ′rr∂rZ ′′ + τ ′rθ(1/r)∂θZ ′′ + τ
′
rφ(1/r sin θ)∂φZ
′′ GZr = −ρZ ′′u′′θu′′θ/r − ρZ ′′u′′φu′′φ/r
εh = τ ′rr∂rh′′ + τ ′rθ(1/r)∂θh′′ + τ
′
rφ(1/r sin θ)∂φh
′′ Ghr = −ρh′′u′′θu′′θ/r − ρh′′u′′φu′′φ/r
εjz = τ ′rr∂rj′′z + τ ′rθ(1/r)∂θj′′z + τ
′
rφ(1/r sin θ)∂φj
′′
z G
T
r = −ρT ′u′θu′θ/r − ρT ′u′φu′φ/r
Gjzr = −ρj′′zu′′θu′′θ/r − ρj′′zu′′φu′′φ/r
∇(.) = ∇r(.) +∇θ(.) +∇φ(.) = 1
r2
∂r(r
2.) +
1
r sin θ
∂θ(sin θ.) +
1
r sin θ
∂φ(.)
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3. PROPERTIES OF OXYGEN SHELL BURNING AND RED GIANT SIMULATION DATA
3 Properties of oxygen shell burning and red giant simulation data
3.1 Summary of the Oxygen Burning Simulations
Parameter ob.3D.lr ob.3D.mr ob.3D.hr ob.3D.1hp ob.3D.2hp ob.3D.4hp ob.3d.1hp.vc ob.3d.1hp.vh
Grid zoning 192×1282 384×2562 786×5122 200×502 400×1002 320×502 200×502 400×1002
rin, rout (10
9 cm) 0.3, 1.0 0.3, 1.0 0.3, 1.0 0.3, 0.9 0.3, 1.0 0.3, 1.6 0.3, 0.9 0.3, 0.9
rcb, r
c
t (10
9 cm) 0.43, 0.85 0.43, 0.85 0.43, 0.84 0.43, 0.68 0.43, 0.84 0.42, 1.4 0.43, 0.65 0.43, 0.68
∆θ, ∆φ 45◦ 45◦ 45◦ 27.5◦ 27.5◦ 27.5◦ 27.5◦ 27.5◦
CZ stratification (HP ) 1.9 1.9 1.9 1.2 1.9 4.1 1.1 1.2
∆tav (s) 230 230 165 900 230 500 300 300
vrms (10
6 cm/s) 10.7 10.9 10.9 5.28 9.15 4.88 4.66 4.97
τconv (s) 78.2 77.1 75.6 94.7 89.2 403. 94.6 95.6
Pturb/Pgas(10
−4) 3.88 4.05 4.03 0.96 3.01 1.73 0.79 0.96
L (1046 erg/s) 2.74 2.63 2.58 0.44 2.86 0.26 0.40 -0.42
Ld (10
46 erg/s) 0.29 0.28 0.26 0.04 0.31 0.08 0.03 0.03
ld (10
8 cm) 7.39 7.92 8.73 3.87 4.15 5.1 2.85 4.1
τd (s) 34.48 36.47 39.98 36.72 22.64 52.04 30.56 41.1
τdr (s) 38.06 39.27 - 75.65 46.59 130.73 90.20 90.8
τdh (s) 30.77 32.14 - 22.91 14.21 28.42 18.4 25.24
Table 5: boundaries of computational domain rin, rout; boundaries of convection zone at bottom and top r
c
b, r
c
t ; angular size of
computational domain ∆θ, ∆φ ; depth of convection zone “CZ stratification” in pressure scale height HP ; averaging timescale
of mean fields analysis ∆tav; global rms velocity vrms; convective turnover timescale τconv; average ratio of turbulent ram
pressure and gas pressure pturb/pgas; total luminosity of the hydrodynamic model L; total rate of kinetic energy dissipation
Ld; dissipation length-scale ld; turbulent kinetic energy dissipation time-scale τd; radial turbulent kinetic energy dissipation
time-scale τdr; horizontal turbulent kinetic energy dissipation time-scale τdh. The numerical values may vary in time up to
20% due to limited amount of data for averaging out the time dependence.
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3.2 Summary of Red Giant Simulations
Parameter rg.3D.lr rg.3D.mr rg.3D.4hp
Grid zoning 216×1282 432×2562 176×1282
rin, rout (10
12 cm) 0.82, 4.09 0.82, 4.09 0.82, 0.34
rcin, r
c
out (10
12 cm) 2.05, 3.86 2.07, 3.88 2.16, 3.33
∆θ, ∆φ 45◦ 45◦ 45◦
CZ stratification (Hp) 7.0 7.2 3.5
∆tav (days) 800 800 800
vrms (10
5 cm/s) 2.59 2.66 2.01
τconv (days) 161. 158. 134.
Pturb/Pgas(10
−3) 4.68 4.98 0.98
Lcool (10
36 erg/s) -8.57 -7.13 -9.2
Ld (10
36 erg/s) 7.26 7.24 2.27
ld (10
11 cm) 9.95 10.4 11.6
τd (days) 22.2 22.7 33.3
τdr (days) 36.7 44.7 53.0
τdh (days) 18.3 17.9 28.2
Table 6: boundaries of computational domain rin, rout; boundaries of convection zone at bottom and top r
c
b, r
c
t ; angular size of
computational domain ∆θ, ∆φ ; depth of convection zone “CZ stratification” in pressure scale height HP ; averaging timescale
of mean fields analysis ∆tav; global rms velocity vrms; convective turnover timescale τconv; average ratio of turbulent ram
pressure and gas pressure pturb/pgas; total luminosity of the hydrodynamic model L; total rate of kinetic energy dissipation
Ld; dissipation length-scale ld; turbulent kinetic energy dissipation time-scale τd; radial turbulent kinetic energy dissipation
time-scale τdr; horizontal turbulent kinetic energy dissipation time-scale τdh. The numerical values may vary in time up to
20% due to limited amount of data for averaging out the time dependence.
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3. PROPERTIES OF OXYGEN SHELL BURNING AND RED GIANT SIMULATION DATA
3.3 Snapshots of TKE in a meridional plane of the oxygen burning and red giant models
Figure 1: Snapshots of turbulent kinetic energy (in erg g−1) in a meridional plane of 3D oxygen burning shell model ob.3D.mr
(left) and red giant envelope convection model rg.3D.mr (right). Convectively unstable (CVZ) and stable layers (STABLE)
are separated by dashed lines.
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3. PROPERTIES OF OXYGEN SHELL BURNING AND RED GIANT SIMULATION DATA
3.4 Background structure of oxygen burning and red giant models
Figure 2: Properties of our data. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4. PROFILES AND INTEGRAL BUDGETS OF MEAN FIELDS
4 Profiles and integral budgets of mean fields
4.1 Mean continuity equation
D˜tρ =− ρd˜+Nρ (42)
Figure 3: Mean continuity equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.2 Mean radial momentum equation
ρD˜tu˜r =−∇rR˜rr −GMr − ∂rP + ρg˜r +Nur (43)
Figure 4: Mean radial momentum equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.3 Mean azimutal momentum equation
ρD˜tu˜θ =−∇rR˜θr −GMθ − (1/r)∂θP +Nuθ (44)
Figure 5: Mean azimuthal momentum equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.4 Mean polar momentum equation
ρD˜tu˜φ =−∇rR˜φr −GMφ +Nuφ (45)
Figure 6: Mean polar omentum equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.5 Mean internal energy equation
ρD˜t˜I =−∇r(fI + fT )− P d−WP + S +NI (46)
Figure 7: Mean internal energy equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.6 Mean kinetic energy equation
ρD˜t˜k =−∇r(fk + fP )− R˜ir∂ru˜i +Wb +WP + ρD˜t(u˜iu˜i/2) +Nk (47)
Figure 8: Mean kinetic energy equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.7 Mean total energy equation
ρD˜t˜t =−∇r(fI + fT + fk + fP )− R˜ir∂ru˜i − P d+Wb + S + ρD˜t(u˜iu˜i/2) +Nt (48)
Figure 9: Mean total energy equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.8 Mean entropy equation
ρD˜ts˜ =−∇rfs − (∇ · FT )/T + S/T +Ns (49)
Figure 10: Mean entropy equation. Model ob.3D.2hp (upper panels) and model rg.3D.mr (lower panels).
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4.9 Mean pressure equation
DtP =−∇rfP − Γ1P d+ (1− Γ1)WP + (Γ3 − 1)S + (Γ3 − 1)∇rfT +NP (50)
Figure 11: Mean pressure equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.10 Mean enthalpy equation
ρD˜th˜ =−∇rfh − Γ1P d− Γ1WP + Γ3S + Γ3∇rfT +Nh (51)
Figure 12: Mean enthalpy equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4. PROFILES AND INTEGRAL BUDGETS OF MEAN FIELDS
4.11 Mean angular momentum equation (z-component)
ρD˜tj˜z =−∇rfjz +Njz (52)
Figure 13: Mean angular momentum equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.12 Mean turbulent kinetic energy equation
ρD˜tk˜ =−∇r(fk + fP )− R˜ir∂ru˜i +Wb +WP +Nk (53)
Figure 14: Turbulent kinetic energy equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.13 Mean turbulent kinetic energy equation (radial part)
ρD˜tk˜
r =−∇r(f rk + fP )− R˜rr∂ru˜r +Wb + P ′∇ru′′r + Grk +Nkr (54)
Figure 15: Turbulent radial kinetic energy equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.14 Mean turbulent kinetic energy equation (horizontal part)
ρD˜tk˜
h =−∇rfhk − (R˜θr∂ru˜θ + R˜φr∂ru˜φ) + (P ′∇θu′′θ + P ′∇φu′′φ) + Ghk +Nkh (55)
Figure 16: Turbulent horizontal kinetic energy equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.15 Mean turbulent mass flux equation
ρD˜tu′′r =− (ρ′u′ru′r/ρ)∂rρ+ (R˜rr/ρ)/∂rρ− ρ∇r(u′′r u′′r) +∇rρ′u′ru′r − ρu′′r∇rur + ρu′rd′′ − b∂rP + ρ′v∂rP ′ + Ga +Na (56)
Figure 17: Turbulent mass flux equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.16 Mean density-specific volume covariance equation
Dtb = + v∇rρu′′r − ρ∇r(u′rv′) + 2ρv′d′ +Nb (57)
Figure 18: Density-specific volume covariance equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.17 Mean internal energy flux equation
ρD˜t(fI/ρ) =NfI −∇rf rI − fI∂ru˜r − R˜rr∂r ˜I − ′′I∂rP − ′′I∂rP ′ − u′′r (Pd) + u′′r(S +∇ · FT ) + GI +NfI (58)
Figure 19: Mean internal energy flux equation. Model ob.3D.mr (upper panels) and model rg.3D.mr (lower panels).
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4.18 Mean entropy flux equation
ρD˜t(fs/ρ) =−∇rf rs − fs∂ru˜r − R˜rr∂rs˜− s′′∂rP − s′′∂rP ′ + u′′r(S +∇ · FT )/T + Gs +Nfs (59)
Figure 20: Mean entropy flux equation. Model ob.3D.2hp (upper panels) and model rg.3D.mr (lower panels).
42
4. PROFILES AND INTEGRAL BUDGETS OF MEAN FIELDS
4.19 Mean composition (16O) flux equation
ρD˜t(fα/ρ) =−∇rf rα − fα∂ru˜r − R˜rr∂rX˜α −X ′′α∂rP −X ′′α∂rP ′ + u′′rρX˙nucα + Gα +Nfα (60)
(61)
Figure 21: Mean composition (16O) flux equation. Model ob.3D.2hp.
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4.20 Mean A flux equation
ρD˜t(fA/ρ) = NfA −∇rf rA − fA∂ru˜r − R˜rr∂rA˜−A′′∂rP −A′′∂rP ′ − u′′rρA2ΣαX˙nucα /Aα + GA (62)
(63)
Figure 22: Mean A flux equation. Model ob.3D.2hp.
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4.21 Mean Z flux equation
ρD˜t(fZ/ρ) = NfZ −∇rf rZ − fZ∂ru˜r − R˜rr∂rZ˜ − Z ′′∂rP − Z ′′∂rP ′ − u′′rρZAΣα(X˙nucα /Aα)−
− u′′rρAΣα(ZαX˙nucα /Aα) + GZ (64)
Figure 23: Mean Z flux equation. Model ob.3D.2hp.
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5. MEAN FIELD COMPOSITION DATA FOR THE OXYGEN SHELL BURNING MODEL OB.3D.2HP
5 Mean field composition data for the oxygen shell burning model ob.3D.2hp
5.1 Mean C12 and O16 equation
Figure 24: Mean composition equations. Model ob.3D.2hp.
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5.2 Mean Ne20 and Na23 equation
Figure 25: Mean composition equations. Model ob.3D.2hp.
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5.3 Mean Mg24 and Si28 equation
Figure 26: Mean composition equations. Model ob.3D.2hp.
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5.4 Mean P31 and S32 equation
Figure 27: Mean composition equations. Model ob.3D.2hp.
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5.5 Mean S34 and Cl35 equation
Figure 28: Mean composition equations. Model ob.3D.2hp.
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5.6 Mean Ar36 and Ar38 equation
Figure 29: Mean composition equations. Model ob.3D.2hp.
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5.7 Mean K39 and Ca40 equation
Figure 30: Mean composition equations. Model ob.3D.2hp.
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5.8 Mean Ca42 and Ti44 equation
Figure 31: Mean composition equations. Model ob.3D.2hp.
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5.9 Mean Ti46 and Cr48 equation
Figure 32: Mean composition equations. Model ob.3D.2hp.
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5.10 Mean Cr50 and Fe52 equation
Figure 33: Mean composition equations. Model ob.3D.2hp.
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5.11 Mean Fe54 and Ni56 equation
Figure 34: Mean composition equations. Model ob.3D.2hp.
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6. DEPENDENCE ON NUMERICAL RESOLUTION
6 Dependence on Numerical Resolution
6.1 Oxygen burning shell models
Mean continuity equation and mean radial momentum equation
Figure 35: Mean continuity equation (upper panels) and radial momentum equation (lower panels). Model ob.3D.lr (left),
ob.3D.mr (middle), ob.3D.hr (right)
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Mean azimuthal and polar momentum equations
Figure 36: Mean azimuthal momentum equation (upper panels) and polar momentum equation (lower panels). Model
ob.3D.lr (left), ob.3D.mr (middle), ob.3D.hr (right)
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Mean internal and kinetic energy equation
Figure 37: Mean internal energy equation (upper panels) and kinetic energy equation (lower panels). Model ob.3D.lr (left),
ob.3D.mr (middle), ob.3D.hr (right)
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6. DEPENDENCE ON NUMERICAL RESOLUTION
Mean total energy and entropy equation
Figure 38: Mean total energy equation (upper panels) and mean entropy equation (lower panels). Model ob.3D.lr (left),
ob.3D.mr (middle), ob.3D.hr (right)
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6. DEPENDENCE ON NUMERICAL RESOLUTION
Mean density-specific volume covariance equation and mean number of nucleons per isotope equation
Figure 39: Mean density-specific volume covariance equation (upper panels) and mean number of nucleons per isotope
equation (lower panels). Model ob.3D.lr (left), ob.3D.mr (middle), ob.3D.hr (right)
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Mean turbulent kinetic energy equation and mean velocities
Figure 40: Mean turbulent kinetic energy equation (upper panels) and mean velocities (lower panels). Model ob.3D.lr (left),
ob.3D.mr (middle), ob.3D.hr (right)
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6. DEPENDENCE ON NUMERICAL RESOLUTION
6.2 Red giant envelope convection
Mean continuity equation and mean radial momentum equation
Figure 41: Mean continuity equation (upper panels) and radial momentum equation (lower panels). Model rg.3D.lr (left)
and rg.3D.mr (right)
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Mean azimuthal and polar momentum equation
Figure 42: Mean azimuthal momentum (upper panels) and polar momentum equation (lower panels). Model rg.3D.lr (left)
and rg.3D.mr (right)
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6. DEPENDENCE ON NUMERICAL RESOLUTION
Mean internal and kinetic energy equation
Figure 43: Mean internal energy equation (upper panels) and kinetic energy equation (lower panels). Model rg.3D.lr (left)
and rg.3D.mr (right)
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6. DEPENDENCE ON NUMERICAL RESOLUTION
Mean total energy equation and mean entropy equation
Figure 44: Mean total energy equation (upper panels) and mean entropy equation (lower panels). Model rg.3D.lr (left) and
rg.3D.mr (right)
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6. DEPENDENCE ON NUMERICAL RESOLUTION
Mean density-specific volume covariance and entropy flux equation
Figure 45: Mean density-specific volume covariance equation (upper panels) and entropy flux equation (lower panels). Model
rg.3D.lr (left) and rg.3D.mr (right)
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6. DEPENDENCE ON NUMERICAL RESOLUTION
Mean turbulent kinetic energy equation and mean turbulent mass flux equation
Figure 46: Mean turbulent kinetic energy equation (upper panels) and mean turbulent mass flux equation (lower panels).
Model rg.3D.lr (left) and rg.3D.mr (right)
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7. DEPENDENCE ON COMPUTATIONAL DOMAIN SIZE
7 Dependence on Computational Domain Size
7.1 Oxygen burning shell models
Mean continuity equation and mean radial momentum equation
Figure 47: Continuity equation (upper panels) and radial momentum equation (lower panels). Model ob.3D.mr (45◦wedge -
left) and ob.3D.2hp (27.5◦wedge - right).
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Mean azimuthal momentum and polar momentum equation
Figure 48: Mean azimuthal momentum (upper panels) and polar momentum equation (lower panels). Model ob.3D.mr
(45◦wedge - left) and ob.3D.2hp (27.5◦wedge - right).
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Mean internal energy equation and total energy equation
Figure 49: Mean internal energy (upper panels) equations and mean total energy equation (lower panels). Model ob.3D.mr
(45◦wedge - left) and ob.3D.2hp (27.5◦wedge - right).
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Mean turbulent kinetic energy equation and turbulent mass flux equation
Figure 50: Mean turbulent kinetic energy equation and turbulent mass flux equation. Model ob.3D.mr (45◦wedge - left) and
ob.3D.2hp (27.5◦wedge - right).
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7. DEPENDENCE ON COMPUTATIONAL DOMAIN SIZE
Mean density-specific volume covariance and internal energy flux equation
Figure 51: Mean density-specific volume covariance equation (upper panels) and mean internal energy flux equation (lower
panels). Model ob.3D.mr (45◦wedge - left) and ob.3D.2hp (27.5◦wedge - right).
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Mean kinetic energy equation and mean velocities
Figure 52: Mean kinetic energy equation (upper panels) mean velocities (lower panels). Model ob.3D.mr (45◦wedge - left)
and ob.3D.2hp (27.5◦wedge - right).
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8. DEPENDENCE ON TIME AVERAGING WINDOW
8 Dependence on Time Averaging Window
8.1 Oxygen burning shell model
Mean continuity equation and mean radial momentum equation
Figure 53: Mean continuity equation (upper panels) and radial momentum equation (lower panels) from model ob.3D.2hp.
Averaging window over roughly 2 convective turnover timescales 150 s (left), 3 convective turnover timescales 230 s (middle)
and 4 convective turnover timescales 460 s (right).
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Mean azimuthal and polar momentum equations
Figure 54: Mean azimuthal equation (upper panels) and mean polar momentum equation (lower panels) from model
ob.3D.2hp. Averaging window over roughly 2 convective turnover timescales 150 s (left), 3 convective turnover timescales
230 s (middle) and 4 convective turnover timescales 460 s (right).
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8. DEPENDENCE ON TIME AVERAGING WINDOW
Mean total energy equation and mean turbulent kinetic energy equation
Figure 55: Mean total energy equation (upper panels) and mean turbulent kinetic energy equation (lower panels) from model
ob.3D.2hp. Averaging window over roughly 2 convective turnover timescales 150 s (left), 3 convective turnover timescales
230 s (middle) and 4 convective turnover timescales 460 s (right).
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8. DEPENDENCE ON TIME AVERAGING WINDOW
Mean entropy equation and mean number of nucleons per isotope equation
Figure 56: Mean entropy equation (upper panels) and mean number of nucleons per isotope (upper panels) from model
ob.3D.2hp. Averaging window over roughly 2 convective turnover timescales 150 s (left), 3 convective turnover timescales
230 s (middle) and 4 convective turnover timescales 460 s (right).
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8. DEPENDENCE ON TIME AVERAGING WINDOW
Mean turbulent kinetic energy and mean velocities
Figure 57: Mean turbulent kinetic energy equation (upper panels) and mean velocities from model ob.3D.2hp. Averaging
window over roughly 2 convective turnover timescales 150 s (left), 3 convective turnover timescales 230 s (middle) and 4
convective turnover timescales 460 s (right).
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9. DEPENDENCE ON CONVECTION ZONE DEPTH
9 Dependence on Convection Zone Depth
9.1 Oxygen burning shell model
Additional information about background structure of compared models
Figure 58: Relative root mean square of fluctuations of density ρ, temperature T and pressure P (upper panels) for the
ob.3D.1hp (left), ob.3D.2hp (middle) and ob.3D.4hp (right) models togehter with square of the flow’s Mach number M2s .
Profiles of mean entropy (lower panels) in ob.3D.1hp (left), ob.3D.2hp (middle) and ob.3D.4hp (right).
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9. DEPENDENCE ON CONVECTION ZONE DEPTH
Mean continuity equation and mean radial momentum equation
Figure 59: Mean continuity equation (upper panels) and radial momentum equation (lower panels). 1 Hp model ob.3D.1hp
(left), 2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right)
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9. DEPENDENCE ON CONVECTION ZONE DEPTH
Mean azimuthal and polar momentum equation
Figure 60: Mean azimuthal equation (upper panels) and mean polar momentum equation (lower panels). 1 Hp model
ob.3D.1hp (left), 2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right).
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9. DEPENDENCE ON CONVECTION ZONE DEPTH
Mean total energy equation and turbulent kinetic energy equation
Figure 61: Mean total energy equation (upper panels) and mean turbulent kinetic energy equation (lower panels). 1 Hp
model ob.3D.1hp (left), 2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right).
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9. DEPENDENCE ON CONVECTION ZONE DEPTH
Mean turbulent kinetic energy equation (radial + horizontal part)
Figure 62: Radial (upper panels) and horizontal (lower panels) part of the mean turbulent kinetic energy equation. 1 Hp
model ob.3D.1hp (left), 2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right).
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Mean turbulent mass flux equation and mean density-specific volume covariance equation
Figure 63: Mean turbulent mass flux equation (upper panels) and density-specific volume covariance equation (lower panels).
1 Hp model ob.3D.1hp (left), 2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right).
85
9. DEPENDENCE ON CONVECTION ZONE DEPTH
Mean specific angular momentum equation and internal energy flux equation
Figure 64: Mean specific angular momentum equation (upper panels) and mean turbulent internal energy flux equation
(lower panels). 1 Hp model ob.3D.1hp (left), 2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right).
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Mean entropy equation and mean entropy flux equation
Figure 65: Mean entropy equation (upper panels) and mean entropy flux equation (lower panels). 1 Hp model ob.3D.1hp
(left), 2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right).
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Mean turbulent kinetic energy and mean velocities
Figure 66: Mean turbulent kinetic energy (upper panels) and mean velocities (lower panels). 1 Hp model ob.3D.1hp (left),
2 Hp model ob.3D.2hp (middle) and 4 Hp model ob.3D.4hp (right).
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9.2 Red giant convection envelope model
Mean continuity equation and mean radial momentum equation
Figure 67: Mean continuity equation (upper panels) and radial momentum equation (lower panels). 4 Hp model rg.3D.4hp
(left) and 7 Hp model rg.3D.mrez (right).
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Mean azimuthal and polar momentum equation
Figure 68: Mean azimuthal equation (upper panels) and mean polar momentum equation (lower panels). 4 Hp model
rg.3D.4hp (left) and 7 Hp model rg.3D.mrez (right).
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Mean total energy equation and mean turbulent kinetic energy equation
Figure 69: Mean total energy equation (upper panels) and mean turbulent kinetic energy equation (lower panels). 4 Hp
model rg.3D.4hp (left) and 7 Hp model rg.3D.mrez (right).
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Mean turbulent kinetic energy equation (radial + horizontal part)
Figure 70: Radial (upper panels) and horizontal (lower panels) part of the mean turbulent kinetic energy equation. 4 Hp
model rg.3D.4hp (left) and 7 Hp model rg.3D.mrez (right).
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Mean turbulent mass flux and mean density-specific volume covariance equation
Figure 71: Mean turbulent mass flux equation (upper panels) and density-specific volume covariance equation (lower panels).
4 Hp model rg.3D.4hp (left) and 7 Hp model rg.3D.mrez (right).
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Mean specific angular momentum equation and internal energy flux equation
Figure 72: Mean specific angular momentum equation (upper panels) and mean turbulent internal energy flux equation
(lower panels). 4 Hp model rg.3D.4hp (left) and 7 Hp model rg.3D.mrez (right).
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Mean entropy equation and mean entropy flux equation
Figure 73: Mean entropy equation (upper panels) and mean entropy flux equation (lower panels). 4 Hp model rg.3D.4hp
(left) and 7 Hp model rg.3D.mrez (right).
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Mean turbulent kinetic energy and mean velocities
Figure 74: Mean turbulent kinetic energy (upper panels) and mean velocities (lower panels). 4 Hp model rg.3D.4hp (left)
and 7 Hp model rg.3D.mrez (right).
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10. DEPENDENCE ON CONVECTION ZONE DRIVING SOURCE PROFILE (HEATING AND COOLING)
10 Dependence on Convection Zone Driving Source Profile (Heating and Cooling)
10.1 Oxygen burning shell models
Mean continuity equation and mean radial momentum equation
Figure 75: Mean continuity equation (upper panels) and radial momentum equation (lower panels). Model with volumetric
heating at the bottom of convection zone ob.3D.1hp.vh (left) and model with volumetric cooling at the top of convection
zone ob.3D.1hp.vc (right).
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Mean azimuthal and polar momentum equation
Figure 76: Mean azimuthal equation (upper panels) and mean polar momentum equation (lower panels). Model with
volumetric heating at the bottom of convection zone ob.3D.1hp.vh (left) and model with volumetric cooling at the top of
convection zone ob.3D.1hp.vc (right).
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Mean total energy equation and mean turbulent kinetic energy equation
Figure 77: Mean total energy equation (upper panels) and mean turbulent kinetic energy equation (lower panels). Model
with volumetric heating at the bottom of convection zone ob.3D.1hp.vh (left) and model with volumetric cooling at the top
of convection zone ob.3D.1hp.vc (right).
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Mean turbulent kinetic energy equations (radial + horizontal part)
Figure 78: Radial (upper panels) and horizontal (lower panels) part of the mean turbulent kinetic energy equation. Model
with volumetric heating at the bottom of convection zone ob.3D.1hp.vh (left) and model with volumetric cooling at the top
of convection zone ob.3D.1hp.vc (right).
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Mean turbulent mass flux and mean density-specific volume covariance equations
Figure 79: Mean turbulent mass flux equation (upper panels) and density-specific volume covariance equation (lower panels).
Model with volumetric heating at the bottom of convection zone ob.3D.1hp.vh (left) and model with volumetric cooling at
the top of convection zone ob.3D.1hp.vc (right).
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10. DEPENDENCE ON CONVECTION ZONE DRIVING SOURCE PROFILE (HEATING AND COOLING)
Mean specific angular momentum equation and mean internal energy flux equation
Figure 80: Mean specific angular momentum equation (upper panels) and mean turbulent internal energy flux equation (lower
panels). Model with volumetric heating at the bottom of convection zone ob.3D.1hp.vh (left) and model with volumetric
cooling at the top of convection zone ob.3D.1hp.vc (right).
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Mean turbulent kinetic energy and mean velocities
Figure 81: Mean turbulent kinetic energy (upper panels) and mean background velocities (lower panels). Model with
volumetric heating at the bottom of convection zone ob.3D.1hp.vh (left) and model with volumetric cooling at the top of
convection zone ob.3D.1hp.vc (right).
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11. ASSESSMENT OF SOME ONE-POINT TURBULENCE CLOSURE MODEL ASSUMPTIONS
11 Assessment of Some One-Point Turbulence Closure Model Assumptions
11.1 Downgradient approximations
fk = (C ρ
√
k˜ ld) ∂rk˜ fI = (C ρ
√
k˜ ld) ∂r ˜I fI = (C ρ k˜
2/εk) ∂r ˜I (65)
Figure 82: Profiles of mean turbulent kinetic energy and mean internal energy (upper panels) and various downgradient
approximations to turbulent kinetic energy flux and internal energy flux (lower panels) for the oxygen burning shell model
ob.3D.mr (ob) and red giant envelope convection rg.3D.mr (rg). ld is dissipation length scale and C is model constant.
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11.2 Various approximations from Besnard-Harlow-Rauenzahn (BHR)
ρ′u′ru′r = C1a
ld√
k˜
R˜rr∂ru′′r v′∂rP ′ = −C2a
√
k
ld
u′′r v′u′r = −C1b
ld√
k
R˜rr
ρ
∂
∂r
(
1 + b
ρ
)
v′d′ = −C2b
√
k
ld
b
ρ
Figure 83: Various approximations taken from Besnard-Harlow-Rauenzahn (BHR) model for the oxygen burning shell model
ob.3D.mr (ob) and red giant envelope convection rg.3D.mr (rg). ld is dissipation length scale and C is model constant.
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11.3 Quasi-normal approximation and decay-rate assumption model
a′b′c′d′ = a′b′ c′d′ + a′c′ b′d′ + a′d′ b′c′ a′b′ = (l2d/∆)∂ka′∂kb′ (original formulations) (66)˜a′′b′′c′′d′′ = a˜′′b′′ c˜′′d′′ + a˜′′c′′ b˜′′d′′ + a˜′′d′′ b˜′′c′′ a˜′′b′′ = (l2d/∆)∂ka′′∂kb′′ (assumed Favre equivalents) (67)
Figure 84: Quasi-normal approximations (left panels) and decay-rate assumption models (middle, right panels) for the oxygen
burning shell model ob.3D.mr (ob) and red giant envelope convection rg.3D.mr (rg).
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12. FOURIER SCALE ANALYSIS
12 Fourier scale analysis
We present some preliminary scale analysis in this section including cumulative spectra for a variety of covariances at a
location within the convection zone in §12.1 as well as radial profiles for mean-field data which has been separated into large
and small components in §§12.2 to 12.4.
12.1 Cumulative Fourier spectra for Covariances
The mean ”energy” spectrum Eab(r, k, tc) for a given covariance is found by taking the space-time average of the product of
the fluctuations after writing each fluctuation as a Fourier series
a′b′(r, tc) =
1
∆ΩT
∫
a′(r, θ, φ, t)b′(r, θ, φ, t)dΩdt =
1
∆ΩT
∫ ∑
~l
∑
~m
â′(r,~l, t)b̂′(r, ~m, t)ei(~l+~m)·~xdΩdt
=
1
T
∫ ∑
~l
â′(r,~l, t)b̂′
∗
(r,~l, t)dt =
∑
~l
â′(r,~l, t)b̂′
∗
(r,~l, t)
=
∑
k=|~l|
Eab(r, k, tc) (68)
where k = |~l| = (l2φ + l2θ)1/2 is the horizontal wavenumber magnitude and ~x = (θ, φ) is the angular position vector and ∗
indicates complex conjugation. By this definition, Eab(r, k, t) involves a sum of the terms â′b̂′
∗
over annuli of unit width in
the plane of the wave vector ~l components lθ and lφ centered on k. Here, dΩ = dθdφ rather than the solid angle increment.
This choice greatly simplifies the algebra and results in a negligible difference compared to solid angle averages for the small
wedges studied here. In the remainder of this section, our data is presented in terms of a normalized wavenumber kˆ = k/k0
where k0 ≡ 2pi/L is the lowest wavenumber in the domain of width L so that an integer wavenumber kˆ represents a Fourier
mode of wavelength L/kˆ. We drop the hat over the wavenumber in what follows.
Finally, the cumulative spectrum Ec(k) is defined by the normalized partial sum
Ec(a′b′)(r, k, t) =
∑
1≤l≤k Eab(r, l, t)
a′b′
. (69)
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Figure 85: Cumulative Fourier spectra of relevant mean fields for the oxygen burning shell models (upper panels) ob.3D.lr
(left), ob.3D.mr (middle) and ob.3D.hr (right) derived at radius where corresponding mean field has a maximum value. The
same is done for red giant envelope convection model (lower panel) rg.3D.lr. The shaded vertical lines separates cumulative
contributions from large and small scales.
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12.2 Fourier scale decomposition of turbulent kinetic energy equation (ob.3D.mr)
Figure 86: Upper panels: Fourier scale decomposition of mean fields in turbulent kinetic energy equation (left) into large
(middle) and small (right) scale component. Scale separation wave number was taken to be 4. Averaging was performed
over 230 s at around central time 505 s. Lower panels: Decomposition of mean fields in turbulent kinetic energy equation
(left) into radial (middle) and horizontal components (right).
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12.3 Fourier scale decomposition of radial and horizontal part of turbulent kinetic energy equation
(ob.3D.mr)
Figure 87: Upper panels: Fourier scale decomposition of radial part of mean fields in turbulent kinetic energy equation (left)
into large (middle) and small (right) scale component. Lower panels: The same for the horizontal part of turbulent kinetic
energy equation. Scale separation wave number was taken to be 4. Averaging was performed over 230 s at around central
time 505 s.
110
12. FOURIER SCALE ANALYSIS
12.4 Fourier scale decomposition of individual mean fields in turbulent kinetic energy equation
(ob.3D.mr)
Figure 88: Upper panels: Fourier scale decoposition of turbulent kinetic energy (left), radial part of turbulent kinetic energy
(middle) and horizontal part of turbulent kinetic energy (right). Lower panels: The same is done for the turbulent kinetic
energy flux. Separation wave number was taken to be 4. Averaging was performed over 230 s at around central time 505 s.
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12. FOURIER SCALE ANALYSIS
Figure 89: Upper panels: Fourier scale decomposition of the turbulent pressure dilataion (left), radial pressure strain (middle)
and horizontal pressure strain (right). Lower panels: Fourier scale decomposition of the buoyancy work Wb and acoustic flux
fP . Separation wave number was taken to be 4. Averaging was performed over 230 s at around central time 505 s.
112
13. PROPERTIES OF HYDROGEN INJECTION FLASH AND CORE HELIUM FLASH SIMULATION DATA
13 Properties of hydrogen injection flash and core helium flash simulation data
13.1 Summary of the hydrogen injection flash and core helium flash simulations and their properties
Parameter hif.3D hif.3D chf.3D
Grid zoning 375×452 375×452 270×302
rin, rout (10
8 cm) 2., 16. 2., 16. 2., 12.
∆θ, ∆φ 45◦ 30◦
Convection zone He-burning (CVZ-1) CNO-burning (CVZ-2) He-burning (CVZ)
rcin, r
c
out (10
8 cm) 4.7, 9.55 9.55, 11.3 4.7, 9.4
CZ stratification (Hp) 2.4 1.3 2.3
∆tav (s) 4000 4000 18000
vrms (10
5 cm/s) 8.2 11.8 8.5
τconv (s) 1180 290 1100
Pturb/Pgas(10
−5) 2.6 3.7 3.3
Lheat (10
43 erg/s) 1.2 1.8 1.2
Ld (10
41 erg/s) 5.3 6.1 6.
ld (10
8 cm) 5.6 2.9 4.8
τd (s) 337.4 123.6 281.9
τdr (s) 719.7 175.8 659.7
τdh (s) 211.2 116.1 142.5
Table 7: boundaries of computational domain rin, rout; boundaries of convection zone at bottom and top r
c
b, r
c
t ; angular size of
computational domain ∆θ, ∆φ ; depth of convection zone “CZ stratification” in pressure scale height HP ; averaging timescale
of mean fields analysis ∆tav; global rms velocity vrms; convective turnover timescale τconv; average ratio of turbulent ram
pressure and gas pressure pturb/pgas; total luminosity of the hydrodynamic model L; total rate of kinetic energy dissipation
Ld; dissipation length-scale ld; turbulent kinetic energy dissipation time-scale τd; radial turbulent kinetic energy dissipation
time-scale τdr; horizontal turbulent kinetic energy dissipation time-scale τdh. The numerical values may vary in time up to
20% due to limited amount of data for averaging out the time dependence.
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13.2 Snapshots of turbulent kinetic energy in a meridional plane
Figure 90: Snapshots of turbulent kinetic energy (in erg g−1) in a meridional plane.
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13. PROPERTIES OF HYDROGEN INJECTION FLASH AND CORE HELIUM FLASH SIMULATION DATA
13.3 Background structure of our models
Figure 91: Properties of our data. Model hif.3D (upper panels) and model chf.3D (lower panels).
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14. PROFILES AND INTEGRAL BUDGETS OF MEAN FIELDS
14 Profiles and integral budgets of mean fields
14.1 Mean continuity equation
D˜tρ =− ρd˜+Nρ (70)
Figure 92: Mean continuity equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.2 Mean radial momentum equation
ρD˜tu˜r =−∇rR˜rr −GMr − ∂rP + ρg˜r +Nur (71)
Figure 93: Mean radial momentum equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.3 Mean azimuthal momentum equation
ρD˜tu˜θ =−∇rR˜θr −GMθ − (1/r)∂θP +Nuθ (72)
Figure 94: Mean azimuthal momentum equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.4 Mean polar momentum equation
ρD˜tu˜φ =−∇rR˜φr −GMφ +Nuφ (73)
Figure 95: Mean polar momentum equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
119
14. PROFILES AND INTEGRAL BUDGETS OF MEAN FIELDS
14.5 Mean internal energy equation
ρD˜t˜I =−∇r(fI + fT )− P d−WP + S +NI (74)
Figure 96: Mean internal energy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.6 Mean kinetic energy equation
ρD˜t˜k =−∇r(fk + fP )− R˜ir∂ru˜i +Wb +WP + ρD˜t(u˜iu˜i/2) +Nk (75)
Figure 97: Mean kinetic energy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.7 Mean total energy equation
ρD˜t˜t =−∇r(fI + fT + fk + fP )− R˜ir∂ru˜i − P d+Wb + S + ρD˜t(u˜iu˜i/2) +Nt (76)
Figure 98: Mean total energy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.8 Mean entropy equation
ρD˜ts˜ =−∇rfs − (∇ · FT )/T + S/T +Ns (77)
Figure 99: Mean entropy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.9 Mean pressure equation
DtP =−∇rfP − Γ1P d+ (1− Γ1)WP + (Γ3 − 1)S + (Γ3 − 1)∇rfT +NP (78)
Figure 100: Mean pressure equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
124
14. PROFILES AND INTEGRAL BUDGETS OF MEAN FIELDS
14.10 Mean enthalpy equation
ρD˜th˜ =−∇rfh − Γ1P d− Γ1WP + Γ3S + Γ3∇rfT +Nh (79)
Figure 101: Mean enthalpy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.11 Mean angular momentum equation (z-component)
ρD˜tj˜z =−∇rfjz +Njz (80)
Figure 102: Mean angular momentum equation (z-component). Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.12 Mean composition equations
ρD˜tX˜α =−∇rfα + ρ ˜˙Xnucα +Nα (81)
Figure 103: Mean composition equations. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.13 Mean turbulent kinetic energy equation
ρD˜tk˜ =−∇r(fk + fP )− R˜ir∂ru˜i +Wb +WP +Nk (82)
Figure 104: Mean turbulent kinetic energy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.14 Radial part of mean turbulent kinetic energy equation
ρD˜tk˜
r =−∇r(f rk + fP )− R˜rr∂ru˜r +Wb + P ′∇ru′′r + Grk +Nkr (83)
Figure 105: Radial turbulent kinetic energy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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14.15 Horizontal part of mean turbulent kinetic energy equation
ρD˜tk˜
h =−∇rfhk − (R˜θr∂ru˜θ + R˜φr∂ru˜φ) + (P ′∇θu′′θ + P ′∇φu′′φ) + Ghk +Nkh (84)
Figure 106: Horizontal turbulent kinetic energy equation. Model hif.3D (upper panels) and model chf.3D (lower panels)
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15 Mean field composition data for the hydrogen injection flash model
15.1 Mean H1 and He3 equation
Figure 107: Mean composition equations for hif.3D.
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15.2 Mean He4 and C12 equation
Figure 108: Mean composition equations for hif.3D.
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15.3 Mean C13 and N13 equation
Figure 109: Mean composition equations for hif.3D.
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15.4 Mean N14 and N15 equation
Figure 110: Mean composition equations for hif.3D.
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15.5 Mean O15 and O16 equation
Figure 111: Mean composition equations for hif.3D.
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15.6 Mean O17 and Ne20 equation
Figure 112: Mean composition equations for hif.3D.
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15.7 Mean Mg24 and Si28 equation
Figure 113: Mean composition equations for hif.3D
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16 Mean field composition data for the core helium flash model
16.1 Mean He4 and C12 equation
Figure 114: Mean composition equations for chf.3D.
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16.2 Mean O16 and Ne20 equation
Figure 115: Mean composition equations for chf.3D.
139
17. INSTANTANEOUS HYDRODYNAMIC EQUATIONS IN SPHERICAL COORDINATES (EULERIAN FORM)
17 Instantaneous hydrodynamic equations in spherical coordinates (Eulerian form)
The hydrodynamic equations of a viscous multi-component reactive gas subject to gravity and thermal transport in spherical
coordinates (r, θ, φ):
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−
(
τjr∂ruj + τjθ
1
r
∂θuj + τjφ
1
r sin θ
∂φuj
)
− ρ(ur∂rΦ + uθ 1
r
∂θΦ + uφ
1
r sin θ
∂φΦ) (91)
∂t
(
ρXk
)
=−
(
1
r2
∂r(r
2[ρurXk]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθXk]
)
+
1
r sin θ
∂φ[ρuφXk]
)
+ ρX˙nk k = 1...Nnuc (92)
GMr = − (ρu
2
θ − τθθ)
r
− (ρu
2
φ − τφφ)
r
GMθ = +
(ρuθur − τθr)
r
− (ρu
2
φ − τφφ) cos θ
r sin θ
GMφ = +
(ρuφur − τφr)
r
+
(ρuφuθ − τφθ) cos θ
r sin θ
(93)
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18 Instantaneous hydrodynamic equations in spherical coordinates (Lagrangian
form)
The hydrodynamic equations of a viscous multi-component reactive gas subject to gravity and thermal transport in spherical
coordinates (r, θ, φ) are (Dt(.) = ∂t(.) + un∂n(.) is advective derivative):
Dt
(
ρ
)
=− ρ
(
1
r2
∂r
(
r2[ur ]
)
+
1
r sin θ
∂θ
(
sin θ[uθ]
)
+
1
r sin θ
∂φ[uφ]
)
(94)
ρDt
(
ur
)
= +
(
1
r2
∂r
(
r2[τrr]
)
+
1
r sin θ
∂θ(sin θ[τrθ]
)
+
1
r sin θ
∂φ
(
[τrφ]
)−GMr − ∂rP)+ ρgr (95)
ρDt
(
uθ
)
= +
(
1
r2
∂r
(
r2[τθr]
)
+
1
r sin θ
∂θ
(
sin θ[τθθ]
)
+
1
r sin θ
∂φ[τθφ]
)−GMθ − 1
r
∂θP
)
+ ρgθ (96)
ρDt
(
uφ
)
= +
(
1
r2
∂r
(
r2[τφr]
)
+
1
r sin θ
∂θ
(
sin θ[τφθ]
)
+
1
r sin θ
∂φ
(
[τφφ]
)−GMφ − 1
r sin θ
∂φP
)
+ ρgφ (97)
ρDt
(
T
)
=−
(
1
r2
∂r
(
r2[urP −K∂rT ]
)
+
1
r sin θ
∂θ
(
sin θ[uθP −K 1
r
∂θT ]
)
+
1
r sin θ
∂φ[uφP −K 1
r sin θ
∂φT ]
)
−
+
(
1
r2
∂r[r
2(ujτjr)] + 1
r sin θ
∂θ[sin θ
(
ujτjθ
)
] +
1
r sin θ
∂φ[ujτjφ]
)
+ ρ
(
urgr + uθgθ + uφgφ) + ρnuc (98)
ρDt
(
I
)
=− P
(
1
r2
∂r
(
r2[ur]
)
+
1
r sin θ
∂θ
(
sin θ[uθ]
)
+
1
r sin θ
∂φ[uφ]
)
+
(
1
r2
∂r
(
r2[K∂rT ]
)
+
1
r sin θ
∂θ
(
sin θ[K
1
r
∂θT ]
)
+
1
r sin θ
∂φ[K
1
r sin θ
∂φT ]
)
+
+
(
τjr∂ruj + τjθ
1
r
∂θuj + τjφ
1
r sin θ
∂φuj
)
+ ρnuc (99)
ρDt
(
K
)
= +
(
1
r2
∂r[r
2(ujτjr)] + 1
r sin θ
∂θ[sin θ
(
ujτjθ
)
] +
1
r sin θ
∂φ[ujτjφ]
)
−
(
1
r2
∂r
(
r2[Pur]
)
+
1
r sin θ
∂θ
(
sin θ[Puθ]
)
+
1
r sin θ
∂φ[Puφ]
)
+
+ P
(
1
r2
∂r
(
r2[ur ]
)
+
1
r sin θ
∂θ
(
sin θ[uθ]
)
+
1
r sin θ
∂φ[uφ]
)
−
(
τjr∂ruj + τjθ
1
r
∂θuj + τjφ
1
r sin θ
∂φuj
)
+ ρ
(
urgr + uθgθ + uφgφ) (100)
ρDt
(
Xk
)
= + ρX˙nk k = 1...Nnuc (101)
GMr = − (ρu
2
θ − τθθ)
r
− (ρu
2
φ − τφφ)
r
GMθ = +
(ρuθur − τθr)
r
− (ρu
2
φ − τφφ) cos θ
r sin θ
GMφ = +
(ρuφur − τφr)
r
+
(ρuφuθ − τφθ) cos θ
r sin θ
(102)
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where ρ, ur, uθ, uφ, P , T , I , K , T , nuc, Xk, and X˙
n
k are the density, the radial velocity, the θ-velocity, the rotation
velocity, the pressure, the total specific energy, the specific internal energy, the specific kinetic energy, the temperature, the
energy generation rate per mass due to reactions, the mass fraction of species k, and the change of this mass fraction due
to reactions, respectively. Nnuc is the number of species the gas is composed. τij = 2µSij − 2/3µ∇ · uδij is the viscous
stress, where Sij =
1
2
(∂iuj + ∂jui) is strain-rate, µ = ρν is dynamic viscosity and ν is the kinematic viscosity. K is thermal
conductivity. gi is gravitational acceleration in r, θ, φ and Φ is gravitational potential. G are geometric terms.
19 Reynolds decomposition
Reynolds decomposition:
A(r, θ, φ) = A(r) + A′(r, θ, φ) (103)
Definition of the averaging space-time operator:
A(r) =
1
∆T∆Ω
∫
∆T
∫
∆Ω
A(r, θ, φ) dt dΩ (104)
Some properties of the operator:
A′ = 0 (105)
A = A (106)
(A′)′ = A′ (107)
AB = A B (108)
AB = A B + A′B′ (109)
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A′B′ = A′B (110)
20 Favre decomposition
Favre decomposition:
F = F˜ (r) + F ′′(r, θ, φ) (111)
Definition of the averaging operator:
F˜ =
ρF
ρ
(112)
Some properties of the operator:
ρF ′′ = F˜ ′′ = 0 (113)
F˜ = F +
ρF ′
ρ
(114)
F ′′ = F ′ − ρF
′
ρ
→ F ′′ = −ρF
′
ρ
(115)
ρF ′′G′′ = ρF˜ ′′G′′ (116)
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21 Derivation of first order moments
21.1 Mean continuity equation
We begin by instantaneous 3D continuity equation and apply ”ensemble” (space-time) averaging (Sect.1):
∂tρ =−
(
1
r2
∂r
(
r2[ρur ]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθ]
)
+
1
r sin θ
∂φ[ρuφ]
)
(117)
∂tρ =−
 1
r2
∂r
(
r2[ρur ]
)
+


:
0
1
r sin θ
∂θ
(
sin θ[ρuθ]
)
+
:
0
1
r sin θ
∂φ[ρuφ]
 “ensemble” (space-time) averaging (118)
∂tρ =− 1
r2
∂r
(
r2[ρu˜r ]
)
(119)
∂tρ =− u˜r∂rρ− ρ 1
r2
∂r(r
2u˜r) (120)
∂tρ+ u˜r∂rρ =− ρ 1
r2
∂r(r
2u˜r) (121)
D˜tρ =−ρd˜ (122)
21.2 Mean radial momentum equation
We begin by instantaneous 3D radial momentum equation and apply ”ensemble” (space-time) averaging (Sect.1):
∂tρur =−
(
1
r2
∂r
(
r2[ρu2r − τrr]
)
+
1
r sin θ
∂θ(sin θ[ρuruθ − τrθ]
)
+
1
r sin θ
∂φ
(
[ρuruφ − τrφ]
)
+GMr + ∂rP
)
+ ρgr (123)
∂tρur =−
 1r2 ∂r(r2[ρu2r − τrr])+

:0
1
r sin θ
∂θ(sin θ[ρuruθ − τrθ]
)
+



:0
1
r sin θ
∂φ
(
[ρuruφ − τrφ]
)
+GMr + ∂rP
+ ρgr (124)
∂tρur =− 1
r2
∂r
(
r2[ρurur]
)−:01r2 ∂r(r2τrr)−GMr − ∂rP + ρgr we neglect mean viscosity τ (125)
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∂tρu˜r =− 1
r2
∂r
(
r2[ρu˜rur]
)−GMr − ∂rP + ρg˜r (126)
∂tρu˜r =− 1
r2
∂r
(
r2[ρu˜ru˜r + ρu˜′′ru′′r ]
)−GMr − ∂rP + ρg˜r (127)
∂tρu˜r +
1
r2
∂r
(
r2[ρu˜ru˜r]
)
=− 1
r2
∂r
(
ρu˜′′ru′′r
)−GMr − ∂rP + ρg˜r (128)
ρD˜tu˜r =−∇rR˜rr −GMr − ∂rP + ρg˜r (129)
21.3 Mean polar momentum equation
We begin by instantaneous 3D polar momentum equation and apply ”ensemble” (space-time) averaging (Sect.1):
∂tρuθ =−
(
1
r2
∂r
(
r2[ρuθur − τθr]
)
+
1
r sin θ
∂θ
(
sin θ[ρu2θ − τθθ]
)
+
1
r sin θ
∂φ[ρuθuφ − τθφ]
)
+GMθ +
1
r
∂θP
)
− ρ1
r
∂θΦ (130)
∂tρuθ =−
 1r2 ∂r(r2[ρuθur − τθr])+

:0
1
r sin θ
∂θ
(
sin θ[ρu2θ − τθθ]
)
+



:0
1
r sin θ
∂φ[ρuθuφ − τθφ]
)
+GMθ +
1
r
∂θP + ρgθ
 (131)
∂tρuθ =− 1
r2
∂r
(
r2[ρuθur]
)
+
:01
r2
∂r
(
r2τθr
)−GMθ − 1r ∂θP +*0ρgθ we neglect mean viscosity τ and gravity in θ (132)
∂tρu˜θ =− 1
r2
∂r
(
r2[ρu˜θur]
)−GMθ − 1r ∂θP (133)
∂tρu˜θ =− 1
r2
∂r
(
r2[ρu˜θu˜r + ρu˜′′θu′′r
)−GMθ − 1r ∂θP (134)
∂tρu˜θ +
1
r2
∂r
(
r2[ρu˜θu˜r]
)
=− 1
r2
∂r
(
r2ρu˜′′θu′′r
)−GMθ − 1r ∂θP (135)
ρD˜tu˜θ =−∇rR˜θr −GMθ − (1/r)∂θP (136)
21.4 Mean azimutal momentum equation
We begin by instantaneous 3D azimutal momentum equation and apply ”ensemble” (space-time) averaging (Sect.1):
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∂t
(
ρuφ
)
=−
(
1
r2
∂r
(
r2[ρuφur − τφr]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθuφ − τθφ]
)
+
1
r sin θ
∂φ
(
[ρu2φ − τφφ]
)
+GMφ +
1
r sin θ
∂φP
)
− (137)
− ρ 1
r sin θ
∂φΦ
∂tρuφ =−
 1r2 ∂r(r2[ρuφur − τφr])+

:0
1
r sin θ
∂θ
(
sin θ[ρuθuφ − τθφ]
)
+



:0
1
r sin θ
∂φ
(
[ρu2φ − τφφ]
)
+GMφ +

*0
1
r sin θ
∂φP
+
+ρgφ (138)
∂tρuφ =− 1
r2
∂r
(
r2[ρuφur]
)−:01r2 ∂r(r2τφr)+GMφ −*0ρgφ we neglect mean viscosity τ and gravity in φ (139)
∂tρu˜φ =− 1
r2
∂r
(
r2[ρu˜φur]
)
+GMφ (140)
∂tρu˜φ =− 1
r2
∂r
(
r2[ρu˜φu˜r − ρu˜′′φu′′r ]
)−GMφ (141)
∂tρu˜φ +
1
r2
∂r
(
r2[ρu˜φu˜r]
)
=− 1
r2
∂r
(
r2ρu˜′′φu′′r
)−GMφ (142)
ρD˜tu˜φ =−∇rR˜φr −GMφ (143)
21.5 Mean internal energy equation
We begin by instantaneous 3D internal energy equation and apply ”ensemble” (space-time) averaging (Sect.1):
∂t
(
ρI
)
=−
(
1
r2
∂r
(
r2[ρurI ]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθI ]
)
+
1
r sin θ
∂φ[ρuφI ]
)
− P
(
1
r2
∂r
(
r2[ur ]
)
+
1
r sin θ
∂θ
(
sin θ[uθ]
)
+
1
r sin θ
∂φ[uφ]
)
+
+
(
1
r2
∂r
(
r2[K∂rT ]
)
+
1
r sin θ
∂θ
(
sin θ[K
1
r
∂θT ]
)
+
1
r sin θ
∂φ[K
1
r sin θ
∂φT ]
)
+
(
τjr∂ruj + τjθ
1
r
∂θuj + τjφ
1
r sin θ
∂φuj
)
+ ρnuc (144)
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∂tρI =−
 1
r2
∂r
(
r2[ρurI ]
)
+



:0
1
r sin θ
∂θ
(
sin θ[ρuθI ]
)
+

:01
r sin θ
∂φ[ρuφI ]
− P ( 1
r2
∂r
(
r2[ur ]
)
+
1
r sin θ
∂θ
(
sin θ[uθ]
)
+
1
r sin θ
∂φ[uφ]
)
+
+
 1
r2
∂r
(
r2[K∂rT ]
)
+



:0
1
r sin θ
∂θ
(
sin θ[K
1
r
∂θT ]
)
+



:0
1
r sin θ
∂φ[K
1
r sin θ
∂φT ]
+ (τjr∂ruj + τjθ 1
r
∂θuj + τjφ
1
r sin θ
∂φuj
)
+ ρnuc (145)
∂tρI =− 1
r2
∂r
(
r2[ρurI ]
)− Pd+ 1
r2
∂r
(
r2[χ∂rT ]
)
+ τji∂iuj + ρnuc (146)
∂tρ˜I =− 1
r2
∂r
(
r2[ρu˜rI ]
)− Pd+ 1
r2
∂r
(
r2[χ∂rT ]
)
+ τji∂iuj + ρnuc (147)
∂tρ˜I =− 1
r2
∂r
(
r2[ρu˜r ˜I ]
)− 1
r2
∂r
(
r2[ρu˜′′r ′′I ]
)− Pd+ 1
r2
∂r
(
r2[χ∂rT ]
)
+
:0τji∂iuj + τ ′ji∂iu′j + ρ˜nuc we neglect τ (148)
ρD˜t˜I =−∇rfI − Pd+∇rfT + τ ′ji∂iu′j + ρ˜nuc (149)
ρD˜t˜I =−∇r(fI + fT )− P d− P ′d′ + εk + ρ˜nuc (150)
ρD˜t˜I =−∇r(fI + fT )− P d−WP + εk + ρ˜nuc (151)
21.6 Mean kinetic energy equation
We begin by instantaneous 3D kinetic energy equation and apply ”ensemble” (space-time) averaging (Sect.1):
∂t
(
ρK
)
=−
(
1
r2
∂r[r
2(ρurK − ujτjr)] + 1
r sin θ
∂θ[sin θ
(
ρuθK − ujτjθ
)
] +
1
r sin θ
∂φ[ρuφK − ujτjφ]
)
−
−
(
1
r2
∂r
(
r2[Pur]
)
+
1
r sin θ
∂θ
(
sin θ[Puθ]
)
+
1
r sin θ
∂φ[Puφ]
)
+ P
(
1
r2
∂r
(
r2[ur]
)
+
1
r sin θ
∂θ
(
sin θ[uθ]
)
+
1
r sin θ
∂φ[uφ]
)
−
−
(
τjr∂ruj + τjθ
1
r
∂θuj + τjφ
1
r sin θ
∂φuj
)
− ρ(ur∂rΦ + uθ 1
r
∂θΦ + uφ
1
r sin θ
∂φΦ) (152)
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∂tρK =−
 1r2 ∂r[r2(ρurK − ujτjr)] +




:0
1
r sin θ
∂θ[sin θ
(
ρuθK − ujτjθ
)
] +



:0
1
r sin θ
∂φ[ρuφK − ujτjφ]
−
−
 1
r2
∂r
(
r2[Pur]
)
+


:
0
1
r sin θ
∂θ
(
sin θ[Puθ]
)
+

:01
r sin θ
∂φ[Puφ]
+ P ( 1
r2
∂r
(
r2[ur]
)
+
1
r sin θ
∂θ
(
sin θ[uθ]
)
+
1
r sin θ
∂φ[uφ]
)
−
−
(
τjr∂ruj + τjθ
1
r
∂θuj + τjφ
1
r sin θ
∂φuj
)
+ ρ
(
urgr +:
0
uθgθ +
*0
uφgφ
)
(153)
∂tρK =− 1
r2
∂r[r
2(ρurK)]− 1
r2
∂r[r
2(ujτjr)]− 1
r2
∂r
(
r2[Pur]
)
+ Pd− τji∂iuj + ρurgr (154)
ρD˜t˜K =− 1
r2
∂r[r
2(ρu′′r ′′K)]−:
0
1
r2
∂r[r
2(uj τjr)]− 1
r2
∂r[r
2(u′jτ
′
jr)]−
1
r2
∂r
(
r2[Pur]
)− 1
r2
∂r
(
r2[P ′u′r]
)
+ P d+ P ′d′ − εk − ρu′′r g˜r + ρ ur g˜r (155)
ρD˜t˜K =− 1
r2
∂r[r
2(ρu′′r ′′K)]− 1r2 ∂r[r2(u′jτ ′jr)]− 1r2 ∂r(r2[Pur])− 1r2 ∂r(r2[P ′u′r])+ P d+WP − εk +Wb + ρ ur g˜r (156)
ρD˜t˜K =−∇rρu′′r ′′K −∇rfτ − (P∇rur + ur∂rP )−∇rfP + P d+WP − εk +Wb + ρ ur g˜r (157)
ρD˜t˜K =−∇rρu′′r ′′K −∇rfτ − P d− ρ ur g˜r −∇rfP + P d+WP − εk +Wb + ρ ur g˜r (158)
ρD˜t˜K =−∇rρu′′r ′′K −∇r(fτ + fP ) +WP − εk +Wb (159)
Second way:
ρD˜t˜K = + ρD˜tu˜iu˜i + ρD˜tu˜′′i u
′′
i (160)
ρD˜t˜K = + ρD˜tu˜iu˜i + ρD˜tk˜ (161)
ρD˜t˜K =−∇r(fk + fP + fτ )− R˜ir∂ru˜i +Wb +WP − εk + ρD˜t(u˜iu˜i/2) (162)
where equation for the k˜ is derived later.
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21.7 Mean total energy equation
ρD˜t˜t = + ρD˜t˜I + ρD˜t˜K (163)
ρD˜t˜t =−∇r(fI + fT + fk + fP + fτ )− P d− R˜ir∂ru˜i +Wb + S + ρD˜t(u˜iu˜i/2) (164)
21.8 Mean pressure equation
We begin by deriving 3D instantaneous pressure equation and then apply ”ensemble” (space-time) averaging (Sect.1):
dP =
∂P
∂ρ
∣∣
I
dρ+
∂P
∂I
∣∣
ρ
dI =
P
ρ
(1− Γ3 + Γ1)dρ+ ρ(Γ3 − 1)dI (165)
DtP = +
P
ρ
(1− Γ3 + Γ1)Dtρ+ (Γ3 − 1)ρDtI (166)
DtP =− (1− Γ3 + Γ1)Pd+ (Γ3 − 1)(−Pd+ S +∇ · FT + τij∂iuj) (167)
∂tP =− un∂nP − (1− Γ3 + Γ1)Pd+ (Γ3 − 1)(−Pd+ S +∇ · FT + τij∂iuj) (168)
∂tP =−
(
1
r2
∂r
(
r2[Pur ]
)
+
1
r sin θ
∂θ
(
sin θ[Puθ]
)
+
1
r sin θ
∂φ[Puφ]
)
+ (1− Γ1)Pd+ (Γ3 − 1)(S +∇ · FT + τij∂iuj) (169)
∂tP =−
 1
r2
∂r
(
r2[Pur ]
)
+


:
0
1
r sin θ
∂θ
(
sin θ[Puθ]
)
+

:01
r sin θ
∂φ[Puφ]
+ (1− Γ1)Pd+ (Γ3 − 1)(S +∇ · FT + τij∂iuj) (170)
∂tP =− 1
r2
∂r
(
r2[Pur]
)− 1
r2
∂r
(
r2[P ′u′r]
)
+ (1− Γ1)P d+ (1− Γ1)P ′d′ + (Γ3 − 1)(S + 1
r2
∂r
(
r2χ∂rT
)
+
*
0
τij∂iu′j + τ
′
ij∂iu
′
j) (171)
∂tP =−∇rPur −∇rfP + (1− Γ1)P d+ (1− Γ1)WP + (Γ3 − 1)(S +∇rfT + εk) (172)
∂tP =− ur∂rP − P d−∇rfP + (1− Γ1)P d+ (1− Γ1)WP + (Γ3 − 1)(S +∇rfT + εk) (173)
∂tP + ur∂rP =−∇rfP − Γ1P d+ (1− Γ1)WP + (Γ3 − 1)(S +∇rfT + εk) (174)
DtP =−∇rfP − Γ1P d+ (1− Γ1)WP + (Γ3 − 1)(S +∇rfT + εk) (175)
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21.9 Mean enthalpy equation
We start from the total energy equation, where we can subsitute ρt = ρh+ ρk − P (for clarity reasons we use here more
compact vector notation):
∂tt + ~∇ ·
(
(ρt + P )~u
)
= ρ~u · ~g + ~∇ · FT + S (176)
∂t(ρh+ ρk − P ) + ~∇ · (ρh~u+ ρk~u) = ρ~u · ~g + ~∇ · FT + S (177)
∂tρh+ ∂tρk − ∂tP = −~∇ · (ρh~u+ ρk~u) + ρ~u · ~g + ~∇ · FT + S (178)
∂tρh+
[
−~∇ · (ρk~u)− ~∇ · (P~u) + P (~∇ · ~u) + ρ~u · ~g +∇iujτji
]
−
[
−~∇ · (P~u) + (1− Γ1)P ~∇ · ~u+ (Γ3 − 1)(S + ~∇ · FT + τij∂jui)
]
= (179)
= −~∇ · (ρh~u+ ρk~u) + ρ~u · ~g + ~∇ · FT + S (180)
∂tρh+
[
−~∇ · (ρk~u)−~∇ · (P~u) +P (~∇ · ~u) +ρ~u · ~g +∇iujτji
]
+
~∇ · (P~u)−P ~∇ · ~u+ Γ1P ~∇ · ~u− Γ3(S + ~∇ · FT ) + (S +~∇ · FT )− = (181)
−(Γ3 − 1)τij∂jui = −~∇ · (ρh~u+ρk~u) +ρ~u · ~g +~∇ · FT +S (182)
So, from the above we have:
∂tρh+∇iujτji + Γ1P ~∇ · ~u− Γ3S − Γ3~∇ · FT − (Γ3 − 1)τij∂jui = −~∇ · (ρh~u) (183)
ρDth =− Γ1P ~∇ · ~u+ Γ3S + Γ3~∇ · FT −∇iujτji + (Γ3 − 1)τij∂jui (184)
ρD˜th˜ =−∇rfh − Γ1P d− Γ1WP + Γ3S + Γ3∇rfT −∇rujτjr + (Γ3 − 1)τij∂jui (185)
ρD˜th˜ =−∇r(fh + fτ )− Γ1P d− Γ1WP + Γ3S + Γ3∇rfT + (Γ3 − 1)εk (186)
21.10 Mean temperature equation
We begin by deriving 3D instantaneous temperature equation and then apply ”ensemble” (space-time) averaging (Sect.1):
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dT =
∂T
∂ρ
∣∣
I
dρ+
∂T
∂I
∣∣
ρ
dI =
(
T
ρ
(Γ3 − 1)− P
ρ2
1
cv
)
dρ+
1
cv
dI (187)
DtT = +
T
ρ
(Γ3 − 1)Dtρ− P
ρ2
1
cv
Dtρ+
1
cv
DtI (188)
DtT =− T
ρ
(Γ3 − 1)(ρd) + P
ρ2
1
cv
(ρd) +
1
cv
(
−Pd
ρ
+
∇ · FT
ρ
+
τij∂jui
ρ
+
S
ρ
)
(189)
DtT =− (Γ3 − 1)Td+ ∇ · FT
cvρ
+
τij∂jui
cvρ
+
S
cvρ
(190)
∂tT =− un∂nT − (Γ3 − 1)Td+ ∇ · FT
cvρ
+
τij∂jui
cvρ
+
S
cvρ
(191)
∂tT =−
(
1
r2
∂r
(
r2[Tur ]
)
+
1
r sin θ
∂θ
(
sin θ[Tuθ]
)
+
1
r sin θ
∂φ[Tuφ]
)
+ Td− (Γ3 − 1)Td+ ∇ · FT
cvρ
+
τij∂jui
cvρ
+
S
cvρ
(192)
∂tT =−
 1
r2
∂r
(
r2[Tur ]
)
+


:
0
1
r sin θ
∂θ
(
sin θ[Tuθ]
)
+

:01
r sin θ
∂φ[Tuφ]
+ Td− (Γ3 − 1)Td+ ∇ · FT
cvρ
+
τij∂jui
cvρ
+
S
cvρ
(193)
∂tT =−∇rTur −∇rfT + Td− Γ3Td+ Td+ (∇ · FT )/(cvρ) + (τij∂jui)/(cvρ) + S/(cvρ) (194)
∂tT + ur∂rT =− T d−∇rfT + Td− Γ3Td+ Td+ (∇ · FT )/(cvρ) + (τij∂jui)/(cvρ) + S/(cvρ) (195)
DtT =− T d−∇rfT + Td− Γ3Td+ Td+ (∇ · FT )/(cvρ) + (τij∂jui)/(cvρ) + S/(cvρ) (196)
DtT =− T d−∇rfT + Td− Γ3Td+ T d+ T ′d′ + (∇ · FT )/(cvρ) + (τij∂jui)/(cvρ) + S/(cvρ) (197)
DtT =−∇rfT + Td− Γ3Td+ T ′d′ + (∇ · FT )/(cvρ) + (τij∂jui)/(cvρ) + S/(cvρ) (198)
DtT =−∇rfT + T d+ T ′d′ − Γ3(T d+ T ′d′) + T ′d′ + (∇ · FT )/(cvρ) + (τij∂jui)/(cvρ) + S/(cvρ) (199)
DtT =−∇rfT + (1− Γ3)T d+ (2− Γ3)T ′d′ + (∇ · FT )/(cvρ) + (τij∂jui)/(cvρ) + S/(cvρ) (200)
21.11 Mean angular momentum equation (z-component)
Z component of the specific angular momentum is defined as jz = r sin θuφ. We begin by multiplying the instantaneous 3D
azimutal momentum equation by r sin θ, neglect viscosity and φ component of gravity and obtain (Sect.1):
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r sin θ∂t
(
ρuφ
)
=− r sin θ
(
1
r2
∂r
(
r2[ρuφur −*
0
τφr]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθuφ −*
0
τθφ]
)
+
1
r sin θ
∂φ
(
[ρu2φ −*
0
τφφ]
)
+GMφ +
1
r sin θ
∂φP
)
−
−


:0
r sin θρ
1
r sin θ
∂φΦ (201)
r sin θ∂t
(
ρuφ
)
=− r sin θ
(
1
r2
∂r
(
r2[ρuφur]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθuφ]
)
+
1
r sin θ
∂φ
(
[ρu2φ]
)
+GMφ +
1
r sin θ
∂φP
)
(202)
∂tρjz =− 1
r2
∂r(r
2ρjzur)− 1
r sin θ
∂θ(sin θρjzuθ)− 1
r sin θ
∂φ(ρjzuφ)− ∂φP (203)
∂tρjz =− 1
r2
∂r(r2ρjzur)−


:
0
1
r sin θ
∂θ(sin θρjzuθ)−
:
0
1
r sin θ
∂φ(ρjzuφ)−
>
0
∂φP (204)
∂tρjz =− 1
r2
∂r(r
2ρjzur) (205)
∂tρj˜z =− 1
r2
∂r(r
2ρj˜zu˜r)− 1
r2
∂r(r
2ρj˜′′z u′′r ) (206)
∂tρj˜z +
1
r2
∂r(r
2ρj˜zu˜r) =− 1
r2
∂r(r
2ρj˜′′z u′′r ) (207)
ρD˜tj˜z =−∇rfjz (208)
21.12 Mean α equation
We begin by 3D instantaneous composition equation and then apply ”ensemble” (space-time) averaging (Sect.1):
∂t
(
ρXα
)
=−
(
1
r2
∂r(r
2[ρurXα]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθXα]
)
+
1
r sin θ
∂φ[ρuφXα]
)
+ ρX˙nucα α = 1...Nnuc (209)
∂tρXα =−
 1
r2
∂r(r2[ρurXα]
)
+



:0
1
r sin θ
∂θ
(
sin θ[ρuθXα]
)
+

:01
r sin θ
∂φ[ρuφXα]
+ ρX˙nucα (210)
∂tρX˜α =− 1
r2
∂r(r
2[ρu˜rX˜α + ρ ˜u′′rX ′′α]) + ρ ˜˙Xnucα (211)
∂tρX˜α +
1
r2
∂r(r
2[ρu˜rX˜α]) =− 1
r2
∂r(ρ ˜u′′rX ′′α) + ρ ˜˙Xnucα (212)
ρD˜tX˜α =−∇rfα + ρ ˜˙Xnucα (213)
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21.13 Mean number of nucleons per isotope (A) equation
We begin by deriving 3D instantaneous A equation and then apply ”ensemble” (space-time) averaging (Sect.1):
A = +
(∑
α
Xα
Aα
)−1
(214)
DtA = +Dt
(∑
α
Xα
Aα
)−1
= +Dt
1∑
α(Xα/Aα)
= −Dt
∑
α(Xα/Aα)
[
∑
α(Xα/Aα)]
2
= −A2Dt
∑
α
Xα
Aα
(215)
DtA =−A2Dt
∑
α
Xα
Aα
= −A2
∑
α
AαDtXα −XαDtAα
A2α
= −A2
∑
α
AαDtXα
A2α
(216)
DtA =−A2
∑
α
AαDtXα
A2α
= −A2
∑
α
AαX˙nucα
A2α
= −A2
∑
α
X˙nucα
Aα
(217)
ρDtA =− ρA2
∑
α
X˙nucα
Aα
(218)
∂tρA =−
(
1
r2
∂r(r
2[ρurA]
)
+
1
r sin θ
∂θ
(
sin θ[ρuθA]
)
+
1
r sin θ
∂φ[ρuφA]
)
− ρA2
∑
α
X˙nucα
Aα
(219)
∂tρA =−
 1
r2
∂r(r2[ρurA]
)
+


:
0
1
r sin θ
∂θ
(
sin θ[ρuθA]
)
+

: 01
r sin θ
∂φ[ρuφA]
− ρA2∑
α
X˙nucα
Aα
(220)
∂tρA =− 1
r2
∂r(r
2[ρurA]
)− ρA2∑
α
X˙nucα
Aα
(221)
∂tρA˜ =− 1
r2
∂r(r
2[ρu˜rA]
)− ρA2∑
α
X˙nucα
Aα
(222)
∂tρA˜ =− 1
r2
∂r(r
2[ρu˜rA˜])− 1
r2
∂r(r
2[ρ ˜u′′rA′′])− ρA2∑
α
X˙nucα
Aα
(223)
∂tρA˜+
1
r2
∂r(r
2[ρu˜rA˜]) =− 1
r2
∂r(r
2[ρ ˜u′′rA′′])− ρA2∑
α
X˙nucα
Aα
(224)
ρD˜tA˜ =−∇rfA − ρA2
∑
α
X˙nucα
Aα
(225)
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21.14 Mean charge per isotope (Z) equation
We begin by deriving 3D instantaneous Z equation and then apply ”ensemble” (space-time) averaging (Sect.1):
Z =+ A
∑
α
ZαAα
Aα
(226)
DtZ =+Dt
(
A
∑
i
ZαAα
Aα
)
=
∑
α
ZαXα
Aα
DtA+ A
∑
α
Dt
ZαXα
Aα
(227)
DtZ =−
∑
α
ZαXα
Aα
A
2
∑
α
X˙nucα
Aα
+ A
∑
α
AαDtZαXα − ZαXαDtAα
A2α
(228)
DtZ =− ZA
∑
α
X˙nucα
Aα
+ A
∑
α
AαDtZαXα
A2α
(229)
DtZ =− ZA
∑
α
X˙nucα
Aα
+ A
∑
α
ZαDtXα +XαDtZα
A2α
(230)
DtZ =− ZA
∑
α
X˙nucα
Aα
+ A
∑
α
ZαX˙
nuc
α
Aα
(231)
ρDtZ =− ρZA
∑
α
X˙nucα
Aα
+ ρA
∑
α
ZαX˙
nuc
α
Aα
(232)
∂tρZ =−
 1
r2
∂r(r2[ρurZ]
)
+


: 01
r sin θ
∂θ
(
sin θ[ρuθZ]
)
+
:
0
1
r sin θ
∂φ[ρuφZ]
− ρZA∑
α
X˙nucα
Aα
+ ρA
∑
α
ZαX˙nucα
Aα
(233)
∂tρZ =−
1
r2
∂r(r
2
[ρurZ]
)− ρZA∑
α
X˙nucα
Aα
+ ρA
∑
α
ZαX˙nucα
Aα
(234)
∂tρZ˜ =−
1
r2
∂r(r
2
[ρu˜rZ])− ρZA
∑
α
X˙nucα
Aα
+ ρA
∑
α
ZαX˙nucα
Aα
(235)
∂tρZ˜ =−
1
r2
∂r(r
2
[ρu˜rZ˜])−
1
r2
∂r(r
2
[ρ ˜u′′rZ′′])− ρZA∑
α
X˙nucα
Aα
+ ρA
∑
α
ZαX˙nucα
Aα
(236)
∂tρZ˜ +
1
r2
∂r(r
2
[ρu˜rZ˜]) =−
1
r2
∂r(r
2
[ρ ˜u′′rZ′′])− ρZA∑
α
X˙nucα
Aα
+ ρA
∑
α
ZαX˙nucα
Aα
(237)
ρD˜tZ˜ =−∇rfZ − ρZA
∑
α
X˙nucα
Aα
+ ρA
∑
α
ZαX˙nucα
Aα
(238)
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21.15 Mean entropy equation
We can derive the mean entropy equation in the following way (Sect.1):
ρDts = + (−∇ · FT + S + εk)/T (239)
∂tρs+∇r(ρsur) = + (−∇ · FT + S + εk)/T (240)
∂tρs+∇rρurs = + (−∇ · FT + S + εk)/T (241)
∂tρs˜+∇r(ρu˜r s˜) =−∇r(ρs˜′′u′′r )−∇ · FT /T + S/T + εk/T (242)
ρD˜ts˜ =−∇rfs −∇ · FT /T + S/T + εk/T (243)
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22 General formula for second and third order moments and variances
22.1 Second-order moments
In order to calculate evolution equations for correlations of two arbitrary fluctuations, we can derive the following general
formula.
ρD˜tc˜′′d′′ − ρDtc′′d′′ = ρ
(
∂tc˜′′d′′ + u˜n∂nc˜′′d′′
)− ρ(∂tc′′d′′ + un∂nc′′d′′) = ρ∂tc˜′′d′′ + ρu˜n∂nc˜′′d′′ − ρ∂tc′′d′′ − ρun∂nc′′d′′ =
= ρ∂tc˜′′d′′ + ρu˜n∂nc˜′′d′′ −
(
∂tρc′′d′′ − c′′d′′∂tρ
)− ρun∂nc′′d′′ = (244)
= ρ∂tc˜′′d′′ + ρu˜n∂nc˜′′d′′ − ∂tρc˜′′d′′ − c′′d′′∂nρun − ρun∂nc′′d′′ = (245)
= ρ∂tc˜′′d′′ + ρu˜n∂nc˜′′d′′ −
(
ρ∂tc˜′′d′′ + c˜′′d′′∂tρ
)− c′′d′′∂nρun − ρun∂nc′′d′′ = (246)
= ρ∂tc˜′′d′′ + ρu˜n∂nc˜′′d′′ −
(
ρ∂tc˜′′d′′ − c˜′′d′′∂nρu˜n
)− c′′d′′∂nρun − ρun∂nc′′d′′ = (247)
= ρ∂tc˜′′d′′ − ρ∂tc˜′′d′′ + ρu˜n∂nc˜′′d′′ + c˜′′d′′∂nρu˜n − ∂nρunc′′d′′ = (248)
= ∂nρu˜nc˜′′d′′ −
(
∂nρu˜nc′′d′′ + ∂nρu′′nc′′d′′
)
= −∂nρu′′nc′′d′′ (249)
ρD˜tc˜′′d′′ = ρDtc′′d′′ − ∂nρu′′nc′′d′′ = c′′ρDtd′′ + d′′ρDtc′′ − ∂nρu′′nc′′d′′ (250)
ρDtc
′′ = ρDtc− ρDtc˜ = ρDtc− ρD˜tc˜− ρu′′n∂nc˜ = ρDtc−
ρ
ρ
[
ρD˜tc˜
]
− ρu′′n∂nc˜ (251)
ρDtd
′′ = ρDtd− ρDtd˜ = ρDtd− ρD˜td˜− ρu′′n∂nd˜ = ρDtd−
ρ
ρ
[
ρD˜td˜
]
− ρu′′n∂nd˜ (252)
ρD˜tc˜′′d′′ = c′′
(
ρDtd− ρ
ρ
[
ρD˜td˜
]
− ρu′′n∂nd˜
)
+ d′′
(
ρDtc− ρ
ρ
[
ρD˜tc˜
]
− ρu′′n∂nc˜
)
− ∂nρc′′d′′u′′n (253)
ρD˜tc˜′′d′′ =+c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (254)
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22.2 Third-order moments
In order to calculate evolution equations for correlations of three arbitrary fluctuations, we can derive the following general
formula.
ρD˜t ˜c′′d′′e′′ − ρDtc′′d′′e′′ = ρ(∂t ˜c′′d′′e′′ + u˜n∂n ˜c′′d′′e′′)− ρ(∂tc′′d′′e′′ + un∂nc′′d′′e′′) = (255)
= ρ∂t ˜c′′d′′e′′ + ρu˜n∂n ˜c′′d′′e′′ − ρ∂tc′′d′′e′′ − ρun∂nc′′d′′e′′ = (256)
= ρ∂t ˜c′′d′′e′′ + ρu˜n∂n ˜c′′d′′e′′ − (∂tρc′′d′′e′′ − c′′d′′e′′∂tρ)− ρun∂nc′′d′′e′′ = (257)
= ρ∂t ˜c′′d′′e′′ + ρu˜n∂n ˜c′′d′′e′′ − ∂tρ ˜c′′d′′e′′ − (c′′d′′e′′∂nρun + ρun∂nc′′d′′e′′) = (258)
= ρ∂t ˜c′′d′′e′′ + ρu˜n∂n ˜c′′d′′e′′ − (ρ∂t ˜c′′d′′e′′ + ˜c′′d′′e′′∂tρ)− ∂nc′′d′′e′′ρun = (259)
= ρu˜n∂n ˜c′′d′′e′′ + ˜c′′d′′e′′∂nρu˜n − ∂nc′′d′′e′′ρu˜n − ∂nc′′d′′e′′ρu′′n = (260)
= −∂nc′′d′′e′′ρu′′n (261)
(262)
ρDtc′′d′′e′′ = ρc′′d′′Dte′′ + ρc′′e′′Dtd′′ + ρd′′e′′Dtc′′ (263)
c′′d′′ρDte′′ = c′′d′′ρDte− c′′d′′ρDte˜ = c′′d′′ρDte− c′′d′′ρ(∂te˜+ un∂ne˜) = (264)
= c′′d′′ρDte− c′′d′′ρ∂te˜− c′′d′′ρun∂ne˜ = c′′d′′ρDte− ρc˜′′d′′∂te˜− (c′′d′′ρu˜n∂ne˜+ c′′d′′ρu′′n∂ne˜) = (265)
= c′′d′′ρDte− (ρc˜′′d′′∂te˜+ ρc˜′′d′′u˜n∂ne˜)− ρ ˜c′′d′′u′′n∂ne˜ = (266)
= c′′d′′ρDte− ρc˜′′d′′D˜te˜− ρ ˜c′′d′′u′′n∂ne˜ (267)
157
22. GENERAL FORMULA FOR SECOND AND THIRD ORDER MOMENTS AND VARIANCES
ρD˜t ˜c′′d′′e′′ = c′′d′′ρDte− ρc˜′′d′′D˜te˜− ρ ˜c′′d′′u′′n∂ne˜+ (268)
+c′′e′′ρDtd− ρc˜′′e′′D˜td˜− ρ ˜c′′e′′u′′n∂nd˜+ (269)
+d′′e′′ρDtc− ρd˜′′e′′D˜tc˜− ρ ˜d′′e′′u′′n∂nc˜− (270)
−∂nc′′d′′e′′ρu′′n (271)
22.3 Reynolds and Favrian variance
The Reynolds variance can be derived in following way:
D˜tc′d′ −Dtc′d′ = +∂tc′d′ + u˜n∂nc′d′ − (∂tc′d′ + un∂nc′d′) = (272)
= +∂tc′d′ + u˜n∂nc′d′ − ∂tc′d′ − u˜n∂nc′d′ − u′′n∂nc′d′ = (273)
= −u′′n∂nc′d′ (274)
Next step:
D˜tc′d′ = Dtc′d′ − u′′n∂nc′d′ = c′Dtd′ + d′Dtc′ − u′′n∂nc′d′ (275)
Next step:
Dtc
′ =Dtc−Dtc = Dtc− D˜tc− u′′n∂nc (276)
Dtd
′ =Dtd−Dtc = Dtd− D˜td− u′′n∂nd (277)
Now let’s put these equations in the Equation 275:
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D˜tc′d′ = +c′Dtd′ + d′Dtc′ − u′′n∂nc′d′ = (278)
= +c′(Dtd− D˜td− u′′n∂nd) + d′(Dtc− D˜tc− u′′n∂nc)− u′′n∂nc′d′ = (279)
= +c′Dtd− c′u′′n∂nd+ d′Dtc− d′u′′n∂nc− u′′n∂nc′d′ = (280)
= +c′Dtd− c′u′′n∂nd+ d′Dtc− d′u′′n∂nc− ∂nu′′nc′d′ + c′d′∂nu′′n (281)
From this general formula by substituting d = c we get:
D˜tc′c′ = +2c′Dtc− 2c′u′′n∂nc− u′′n∂nc′c′ = (282)
= +2c′Dtc− 2c′u′′n∂nc− ∂nu′′nc′c′ + c′c′∂nu′′n (283)
The Favrian variance can be easily derived from general equation for second-order moments Equation 254 ie.
ρD˜tc˜′′d′′ = + c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (284)
Now, substitute d = c and you’ll get the equation for Favrian variance:
ρD˜tc˜′′c′′ =+2c′′ρDtc− 2ρc˜′′u′′n∂nc˜− ∂nρc′′c′′u′′n (285)
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23 Derivation of second-order moments equations
23.1 Reynolds stress equation
We can derive the Reynolds stress equation using the general formula for second order moments, where we substitute c′′
with u′′i and d
′′ with u′′j .
ρD˜tc˜′′d′′ = c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (286)
ρD˜tu˜′′i u
′′
j︸ ︷︷ ︸
ρD˜t(R˜ij/ρ)
= u′′i ρDtuj − ρu˜′′i u′′n∂nu˜j︸ ︷︷ ︸
R˜in∂nu˜j
+u′′jρDtui − ρu˜′′ju′′n∂nu˜i︸ ︷︷ ︸
R˜jn∂nu˜i
− ∂nρu′′i u′′ju′′n︸ ︷︷ ︸
∇ · ρu′′i u′′j u′′n
(287)
So, the general formula for Reynolds stress R˜ij is:
ρD˜t(R˜ij/ρ) = −
(
R˜in∂nu˜j + R˜jn∂nu˜i
)
−
(
∇rρ ˜u′′i u′′ju′′r +GRrr)+ u′′i ρDtuj + u′′jρDtui (288)
Mean equation for R˜rr
ρD˜t
(
R˜rr/ρ
)
= −
(
R˜rn∂nu˜r + R˜rn∂nu˜r
)
−
(
∇r2f rk +GRrr
)
+ 2u′′rρDtur (289)
where
u′′rρDtur =u′′r
(
1
r2
∂r
(
r2[τrr]
)
+
1
r sin θ
∂θ(sin θ[τrθ]
)
+
1
r sin θ
∂φ
(
[τrφ]
)−GMr − ∂rP + ρgr) (290)
u′′rρDtur =u′′r (∇rτrr +∇θτrθ +∇φτrφ −GMr − ∂rP + ρgr) (291)
Some terms can be further manipulated in following way:
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+u′′r∇rτrr = u′′r∇rτrr + u′′r∇rτ ′rr =:
0
u′′r∇rτrr +∇r(u′′rτ ′rr)− τ ′rr∂ru′′r (292)
+u′′r∇θτrθ =:
0
u′′r∇θτrθ + u′′r∇θτ ′rθ =
:0∇θ(u′′rτ ′rθ)− τ ′rθ
1
r
∂θu′′r (293)
+u′′r∇φτrφ =:
0
u′′r∇φτrφ + u′′r∇φτ ′rφ =
:0∇φ(u′′rτ ′rφ)− τ ′rφ
1
r sin θ
∂φu′′r (294)
−u′′rGMr = − u′′rGMr (295)
−u′′r∂rP = − u′′r∂rP − u′′r∂rP ′ = −u′′r∂rP −∇r(u′′rP ′) + P ′∇ru′′r (296)
+u′′rρgr ∼ u′′rρgr = 0 (297)
Final equation is:
ρD˜t
(
R˜rr/ρ
)
= − 2R˜rr∂ru˜r −∇rF˜Rrrr −GRrr + 2∇r(u′′rτ ′rr)− 2u′′rGMr − 2u′′r∂rP − 2∇r(u′′rP ′) + 2P ′∇ru′′r− (298)
− 2(τ ′rr∂ru′′r + τ ′rθ 1r∂θu′′r + τ ′rφ 1r sin θ∂φu′′r)
ρD˜t
(
R˜rr/ρ
)
= −∇r(2f rk + 2fP + 2f rτ ) + 2Wb − 2R˜rr∂ru˜r + 2P ′∇ru′′r − 2u′′rGMr −GRrr − 2εrk (299)
Mean equation for R˜θθ
ρD˜t
(
R˜θθ/ρ
)
= −
(
R˜θn∂nu˜θ + R˜θn∂nu˜θ
)
−
(
∇r2f θk −GRθθ
)
+ 2u′′θρDtuθ (300)
(301)
where
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u′′θρDtuθ = u
′′
θ
(
1
r2
∂r
(
r2[τθr]
)
+
1
r sin θ
∂θ
(
sin θ[τθθ]
)
+
1
r sin θ
∂φ[τθφ]
)−GMθ − 1r∂θP + ρgθ
)
(302)
u′′θρDtuθ = u
′′
θ
(∇rτθr +∇θτθθ +∇φτθφ −GMθ − 1r∂θP + ρgθ) (303)
Some terms can be further manipulated in following way:
+u′′θ∇rτθr =
:0
u′′θ∇rτθr +∇r(u′′θτ ′θr)− τ ′θr∂ru′′θ (304)
+u′′θ∇θτθθ = − τ ′θθ
1
r
∂θu′′θ (305)
+u′′θ∇φτθφ = − τ ′θφ
1
r sin θ
∂φu′′θ (306)
−u′′θGMθ = − u′′θGMθ (307)
−u′′θ
1
r
∂θP = − u′′θ
1
r
∂θP − u′′θ
1
r
∂θP ′ = −
*
0
u′′θ
1
r
∂θP −



:0
1
r sin θ
∂θ(sin θu′′θP ′) + P ′
1
r sin θ
∂θ(sin θu′′θ) (308)
+u′′θρgθ = 0 (309)
Final equation is:
ρD˜t
(
R˜θθ/ρ
)
=− 2R˜θr∂ru˜θ −∇r2f θk −GRθθ + 2∇r(u′′θτ ′θr)− 2u′′θGMθ + 2P ′∇θu′′θ−
− 2
(
τ ′θr∂ru
′′
θ − τ ′θθ
1
r
∂θu′′θ − τ ′θφ
1
r sin θ
∂φu′′θ
)
(310)
ρD˜t
(
R˜θθ/ρ
)
=−∇r(2f θk + 2f θτ )− 2R˜θr∂ru˜θ + 2P ′∇θu′′θ − 2u′′θGMθ −GRθθ − 2εθk (311)
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Mean equation for R˜φφ
ρD˜t
(
R˜φφ/ρ
)
= −
(
R˜φn∂nu˜φ + R˜φn∂nu˜φ
)
−
(
∇r2fφk +GRφφ
)
+ 2u′′φρDtuφ (312)
where
u′′φρDtuφ = u
′′
φ
(
1
r2
∂r
(
r2[τφr]
)
+
1
r sinφ
∂φ
(
sinφ[τφθ]
)
+
1
r sinφ
∂φ[τφφ]
)−GMφ − 1r sin θ∂φP + ρgφ
)
(313)
u′′φρDtuφ = u
′′
φ
(∇rτφr +∇θτφθ +∇φτφφ −GMφ − 1r sin θ∂φP + ρgφ) (314)
Some terms can be further manipulated in following way:
+u′′φ∇rτφr =:
0
u′′φ∇rτφr +∇r(u′′φτ ′φr)− τ ′φr∂ru′′φ (315)
+u′′φ∇θτφθ = − τ ′φθ
1
r
∂θu′′φ (316)
+u′′φ∇φτφφ = − τ ′φφ
1
r sin θ
∂φu′′φ (317)
−u′′φGMφ = − u′′φGMφ (318)
−u′′φ
1
r sin θ
∂φP = − u′′φ
1
r sin θ
∂φP − u′′φ
1
r sin θ
∂φP ′ = −
:0
u′′φ
1
r sin θ
∂φP −
:
0
1
r sin θ
∂φ(u′′φP ′) + P ′
1
r sin θ
∂φ(u′′φ) (319)
+u′′φρgφ = 0 (320)
Final equation is:
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ρD˜t
(
R˜φφ/ρ
)
=− 2R˜φr∂ru˜φ −∇r2fφk −GRφφ + 2∇r(u′′φτ ′φr)− 2u′′φGMφ + 2P ′∇φu′′φ−
− 2
(
τ ′φr∂ru
′′
φ − τ ′φθ
1
r
∂θu′′φ − τ ′φφ
1
r sin θ
∂φu′′φ
)
(321)
ρD˜t
(
R˜φφ/ρ
)
=−∇r(2fφk + 2fφτ )− 2R˜φr∂ru˜φ + 2P ′∇φu′′φ − 2u′′φGMφ −GRφφ − 2εφk (322)
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23.2 Turbulent kinetic energy equations
k˜ = +
1
2
R˜ii/ρ (323)
ρD˜tk˜ =−∇r(fk + fP )− R˜ir∂ru˜i +Wb +WP +Nk (324)
k˜r = +
1
2
R˜rr/ρ (325)
ρD˜tk˜
r =−∇r(f rk + fP )− R˜rr∂ru˜r +Wb + P ′∇ru′′r + Grk +Nkr (326)
k˜h = + k˜θ + k˜φ = +
1
2
(
R˜θθ + R˜φφ
)
/ρ (327)
ρD˜tk˜
h =−∇rfhk − (R˜θr∂ru˜θ + R˜φr∂ru˜φ) + (P ′∇θu′′θ + P ′∇φu′′φ) + Ghk +Nkh (328)
23.3 Turbulent mass flux equation
The turbulent mass flux equation can be derived in the following way:
ρDtc˜− ρD˜tc˜ = ρ∂tc˜+ ρun∂nc˜− [ρ∂tc˜+ ρu˜n∂nc˜n] = ρ(un − u˜n)∂nc˜ = ρu′′n∂nc˜ (329)
ρDtc
′′ = ρDtc− ρDtc˜ = ρDtc− ρD˜tc˜− ρu′′n∂nc˜ = ρDtc−
ρ
ρ
[ρD˜tc˜]− ρu′′n∂nc˜ (330)
ρDtu
′′
r = +
(
1
r2
∂
∂r
(
r2[τrr]
)
+
1
r sin θ
∂
∂θ
(sin θ[τrθ]
)
+
1
r sin θ
∂
∂φ
(
[τrφ]
)−GMr − ∂P∂r
)
+ ρgr+ (331)
+
ρ
ρ
(
1
r2
∂
∂r
r2(R˜rr − τrr) +GMr +
∂
∂r
P − ρg˜r
)
− ρu′′n∂nu˜r (332)
D˜tu′′i = Dtu
′′
i − u′′n∂nu′′i = ∂tu′′i + un∂nu′′i − u′′n∂nu′′i = ∂tu′′i + un∂nu′′i + u˜n∂nu′′i − un∂nu′′i = ∂tu′′i + u˜n∂nu′′i = D˜tu′′i (333)
ρD˜tu′′i =
ρ
ρ
[ρDtu′′i ]− ρu′′n∂nu′′i (334)
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ρD˜tu′′r =
ρ
ρ
[ρDtu′′r ]− ρu′′n∂nu′′r =
=
ρ
ρ
[
1
r2
∂
∂r
(
r2τrr
)−GMr − ∂∂rP + ρgr + ρρ
(
1
r2
∂
∂r
r2(R˜rr − τrr) +GMr +
∂
∂r
P − ρg˜r
)
− ρu′′n∂nu˜r
]
− ρu′′n∂nu′′r = (335)
=
ρ
ρ
[
1
r2
∂
∂r
(
r2τrr
)]− [ 1
r2
∂
∂r
(
r2τrr
)]− ρ
ρ
GMr +G
M
r −
ρ
ρ
[
∂
∂r
P
]
+
[
∂
∂r
P
]
+
1
r2
∂
∂r
r2(R˜rr)− ρu′′n∂nu˜r − ρu′′n∂nu′′r (336)
=
[
ρ
ρ
− 1
]
1
r2
∂
∂r
(
r2τrr
)− [ρ
ρ
− 1
]
GMr −
[
ρ
ρ
− 1
]
∂
∂r
P +
1
r2
∂
∂r
r2(R˜rr)− ρu′′n∂nur = (337)
= +
1
r2
∂
∂r
r2(R˜rr)− ρu′′n∂nur −
ρ′
ρ
1
r2
∂
∂r
(
r2τrr
)
+
ρ′
ρ
GMr +
ρ′
ρ
∂
∂r
P = (338)
= +
1
r2
∂
∂r
r2(R˜rr)− ρu′′n∂nur − ρ′v
1
r2
∂
∂r
(
r2(τrr + τ ′rr
)
+ ρ′v
∂
∂r
(P + P ′) + ρ′vGMr = (339)
= +
1
r2
∂
∂r
r2(R˜rr)− ρu′′n∂nur − ρ′v
(
1
r2
∂
∂r
(
r2τrr
)− ∂
∂r
P
)
− ρ′v
(
1
r2
∂
∂r
(
r2τ ′rr
)− ∂
∂r
P ′
)
+ ρ′vGMr = (340)
= +
1
r2
∂
∂r
r2(R˜rr)− ρu′′n∂nur + b
(
1
r2
∂
∂r
(
r2τrr
)− ∂
∂r
P
)
− ρ′v
(
1
r2
∂
∂r
(
r2τ ′rr
)− ∂
∂r
P ′
)
+ ρ′vGMr = (341)
= +∇r(R˜rr)− ρu′′ · ∇ur − b∇rτ rr − b∂rP + ρ′v∂rP ′ − ρ′v∇rτ ′rr + ρ′vGMr (342)
ρD˜tu′′r = +∇r(R˜rr)− ρu′′n∂nur − b∇rτ rr − b∂rP + ρ′v∂rP ′ − ρ′v∇rτ ′rr + ρ′vGMr = (343)
= +∇r(R˜rr)− ρu′′n∂nur − ρ∂nu′′nu′r + ρu′r∂nu′′n − b∂rP + ρ′v∂rP ′ − ρ′v∇rτ ′rr + ρ′vGMr = (344)
= (+∇r(R˜rr)− ρ∇ru′′ru′r)− ρu′′r∇rur + ρu′rd′′ − b∂rP + ρ′v∂rP ′ − ρ′v∇rτ ′rr + ρ′vGMr = (345)
= −(ρ′u′ru′r/ρ)∂rρ+ (R˜rr/ρ)/∂rρ− ρ∇r(u′′r u′′r ) +∇rρ′u′ru′r − ρu′′r∇rur + ρu′rd′′ − b∂rP + ρ′v∂rP ′ − ρ′v∇rτ ′rr + ρ′vGMr (346)
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23.4 Density-specific volume covariance equation
The density-specific volume (v = 1/ρ) covariance (b = −ρ′v′) equation can be derived from the continuity equation in the
following way.
∂tρ+ ∂n(ρun) = 0 (347)
∂tρ+ u˜n∂nρ = − ρ∂nu˜n (348)
∂tρ+ un∂nρ− u′′n∂nρ = − ρ∂nun + ρ∂nu′′n (349)
Dtρ = + u′′n∂nρ− ρ∂nun + ρ∂nu′′n (350)
Dtρ = + (u′′n∂nρ+ ρ∂nu′′n)− ρ∂nun (351)
Dtρ = − ρ∂nun + ∂n(u′′nρ) (352)
∂tρ+ ∂n(ρun) = 0 (353)
∂t(1/v) + ∂n(un/v) = 0 (354)
−∂tv + v∂nun − un∂nv = 0 (355)
∂tv − v∂nun − un∂nv + un∂nv + un∂nv = 0 (356)
∂tv − ∂n(vun) + 2un∂nv = 0 (357)
∂tv − ∂n(vun) + 2un∂nv = 0 (358)
Dtv = + v∂nun − ∂nu′nv′ + 2v′∂nu′n (359)
b = −ρ′v′ = ρv − 1 (360)
Dtb = ρDtv + v Dtρ (361)
Using previously derived equations for Dtv and Dtρ we get:
Dtb = −ρ∂nρ′u′n + 2ρv′∂nu′n + v∂nρu′′n (362)
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23.5 Mean internal energy flux equation
We can derive the internal energy flux equation using the general formula for second order moments, where we substitute c
with I and d with ui.
ρD˜tc˜′′d′′ =c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (363)
ρD˜t(fI/ρ) =NfI −∇rfrI − fI∂ru˜r − R˜rr∂r ˜I − ′′I ∂rP − ′′I ∂rP ′ − u′′r (Pd) + u′′r (S +∇ · FT ) + GI +NfI (364)
23.6 Mean enthalpy flux equation
We can derive the enthalpy flux equation using the general formula for second order moments, where we substitute c with h
and d with ui.
ρD˜tc˜′′d′′ =c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (365)
ρD˜t(fh/ρ) =−∇rfrh − fh∂ru˜r − R˜rr∂rh˜− h′′∂rP − h′′∂rP ′ − Γ1u′′r (Pd) + Γ3u′′r (S +∇ · FT ) + Gh +Nh (366)
23.7 Mean entropy flux equation
We can derive the entropy flux equation using the general formula for second order moments, where we substitute c with s
and d with ui.
ρD˜tc˜′′d′′ =c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (367)
ρD˜t(fs/ρ) =−∇rfrs − fs∂ru˜r − R˜rr∂r s˜− s′′∂rP − s′′∂rP ′ + u′′r (S +∇ · FT )/T + Gs +Nfs (368)
23.8 Mean composition flux equation
We can derive the composition flux equation using the general formula for second order moments, where we substitute c with
Xα and d with ui.
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ρD˜tc˜′′d′′ =c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (369)
ρD˜t(fα/ρ) =−∇rfrα − fα∂ru˜r − R˜rr∂rX˜α −X ′′α∂rP −X ′′α∂rP ′ + u′′rρX˙nucα + Gα +Nfα (370)
(371)
23.9 Mean A and Z flux equations
We can derive the composition flux equation using the general formula for second order moments, where we substitute c with
A or Z and d with ui.
ρD˜tc˜′′d′′ =c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (372)
ρD˜t(fA/ρ) = NfA −∇rfrA − fA∂ru˜r − R˜rr∂rA˜−A′′∂rP −A′′∂rP ′ − u′′rρA2ΣαX˙nucα /Aα + GA (373)
ρD˜t(fZ/ρ) = NfZ −∇rfrZ − fZ∂ru˜r − R˜rr∂rZ˜ − Z′′∂rP − Z′′∂rP ′ − u′′rρZAΣα(X˙nucα /Aα)−
− u′′rρAΣα(ZαX˙nucα /Aα) + GZ (374)
23.10 Mean angular momentum flux equation
We can derive the angular momentum flux equation using the general formula for second order moments, where we substitute
c with jz and d with ui.
ρD˜tc˜′′d′′ =c′′ρDtd− ρc˜′′u′′n∂nd˜+ d′′ρDtc− ρd˜′′u′′n∂nc˜− ∂nρc′′d′′u′′n (375)
ρD˜t(fjz/ρ) =−∇rfrjz − fjz∂ru˜r − R˜rr∂r j˜z − j′′z ∂rP − j′′z ∂rP ′ + Gjz +Njz (376)
24 Derivation of Reynolds and Favrian variance equations
The variance evolution equations can be found by using the general formula for second-order moments and similar algebraic
manipulation presented in previous sections.
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25 Divergence of tensors in spherical geometry up to third order
BACKGROUND READING:
CONTINUUM MECHANICS (Lecture Notes)
Zdenek Martinec, Department of Geophysics, Faculty of Mathematics and Physics, Charles University in Prague
∇(.) =
∑
n
en
hn
∂(.)
∂xn
: nabla operator V =
∑
i
Viei : tensor of first order (vector) (377)
S =
∑
ij
Sij(ei ⊗ ej) : tensor of second order (378)
T =
∑
ijk
Tijk(ei ⊗ ej ⊗ ek) : tensor of third order (379)
∇ ·V =
∑
i
1
hi
[
∂Vi
∂xi
+
∑
m
ΓimiVm
]
: div of first order tensor (vector) (380)
∇ · S =
∑
ij
1
hi
[
∂Sij
∂xi
+
∑
m
ΓimiSmj +
∑
m
ΓjmiSim
]
ej : div of second order tensor (381)
∇ ·T =
∑
ijk
1
hi
[
∂Tijk
∂xi
+
∑
m
ΓimiTmjk +
∑
m
ΓjmiTimk +
∑
m
ΓkmiTijm
]
(ej ⊗ ek) : div of third order tensor (382)
x1 = r x2 = θ x3 = φ (coordinates) (383)
e1 = er e2 = eθ e3 = eφ (unit base vectors) (384)
h1 = hr = 1 h2 = hθ = r h3 = hφ = r sin θ (scale factors) (385)
(
Γθrθ = 1 Γ
φ
rφ = sin θ Γ
φ
θφ = cos θ
Γrθθ = −1 Γrφφ = − sin θ Γθφφ = − cos θ
)
Christoffel symbols (386)
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Divergence of first order tensor ∇ ·V
1
r2
∂(r2Vr)
∂r
+
1
r sin θ
∂
∂θ
(Vθ sin θ) +
1
r sin θ
∂Vφ
∂φ
(387)
Divergence of second order tensor ∇ · S
Sr(er) :
1
r2
∂
∂r
(r2Srr) +
1
r sin θ
∂
∂θ
(sin θ Sθr) +
1
r sin θ
∂Sφr
∂φ
− Sθθ
r
− Sφφ
r
(388)
Sθ(eθ) :
1
r2
∂
∂r
(r2Srθ) +
1
r sin θ
∂
∂θ
(sin θ Sθθ) +
1
r sin θ
∂Sφθ
∂φ
+
Sθr
r
− Sφφ cos θ
r sin θ
(389)
Sφ(eφ) :
1
r2
∂
∂r
(r2Srφ) +
1
r sin θ
∂
∂θ
(sin θ Sθφ) +
1
r sin θ
∂Sφφ
∂φ
+
Sφr
r
+
Sφθ cos θ
r sin θ
(390)
Divergence of third order tensor ∇ ·T
Trr (er ⊗ er) : 1
r2
∂
∂r
(r2Trrr) +
1
r sin θ
∂
∂θ
(sin θ Tθrr) +
1
r sin θ
∂Tφrr
∂φ
− Tθθr
r
− Tθrθ
r
− Tφφr
r
− Tφrφ
r
(391)
Trθ (er ⊗ eθ) : 1
r2
∂
∂r
(r2Trrθ) +
1
r sin θ
∂
∂θ
(sin θ Tθrθ) +
1
r sin θ
∂Tφrθ
∂φ
− Tθθθ
r
+
Tθrr
r
− Tφφθ
r
− Tφrφ cos θ
r sin θ
(392)
Trφ (er ⊗ eφ) : 1
r2
∂
∂r
(r2Trrφ) +
1
r sin θ
∂
∂θ
(sin θ Tθrφ) +
1
r sin θ
∂Tφrφ
∂φ
+
Tθθφ
r
− Tφφφ
r
+
Tφrφ cos θ
r sin θ
(393)
Tθr (eθ ⊗ er) : 1
r2
∂
∂r
(r2Trθr) +
1
r sin θ
∂
∂θ
(sin θ Tθθr) +
1
r sin θ
∂Tφθr
∂φ
+
Tθrr
r
− Tθθθ
r
− Tφφr cos θ
r sin θ
− Tφθφ
r
(394)
Tθθ (eθ ⊗ eθ) : 1
r2
∂
∂r
(r2Trθθ) +
1
r sin θ
∂
∂θ
(sin θ Tθθθ) +
1
r sin θ
∂Tφθθ
∂φ
+
Tθrθ
r
+
Tθθr
r
− Tφφθ cos θ
r sin θ
− Tφθφ cos θ
r sin θ
(395)
Tθφ (eθ ⊗ eφ) : 1
r2
∂
∂r
(r2Trθφ) +
1
r sin θ
∂
∂θ
(sin θ Tθθφ) +
1
r sin θ
∂Tφθφ
∂φ
+
Tθrφ
r
+
Tφθr
r
+
Tφθθ cos θ
r sin θ
(396)
Tφr (eφ ⊗ er) : 1
r2
∂
∂r
(r2Trφr) +
1
r sin θ
∂
∂θ
(sin θ Tθφr) +
1
r sin θ
∂Tφφr
∂φ
− Tθφθ
r
+
Tφrr
r
+
Tφθr cos θ
r sin θ
− Tφφφ
r
(397)
Tφθ (eφ ⊗ eθ) : 1
r2
∂
∂r
(r2Trφθ) +
1
r sin θ
∂
∂θ
(sin θ Tθφθ) +
1
r sin θ
∂Tφφθ
∂φ
+
Tθφr
r
+
Tφrθ
r
+
Tφθθ cos θ
r sin θ
− Tφθφ cos θ
r sin θ
(398)
Tφφ (eφ ⊗ eφ) : 1
r2
∂
∂r
(r2Trφφ) +
1
r sin θ
∂
∂θ
(sin θ Tθφφ) +
1
r sin θ
∂Tφφφ
∂φ
+
Tφrφ
r
+
Tφθφ cos θ
r sin θ
+
Tφφr
r
+
Tφφθ cos θ
r sin θ
(399)
171
26. PERIODIC BOUNDARY CONDITIONS AND PROPERTIES OF DIVERGENCE ANGULAR COMPONENTS
26 Periodic boundary conditions and properties of divergence angular components
All of the simulation data studied in this document use domains that are wedges in a spherical coordinate system and have
period boundary conditions in the θ and φ directions. Therefore, the angular components of divergence terms vanish upon
averaging.
θ ∈[θL, θR] (400)
φ ∈[φL, φr] (401)
〈∇ · q (r, t)〉 = 1
∆Ω
∫
∇ · q (r, θ, φ, t′) dΩ q = q(qr, qθ, qφ) (402)
Proof:
〈∇θqθ〉 =
∫
∆Ω
1
r sin θ
∂θ(sin θ[qθ]) dΩ =
∫
∆θ
∫
∆φ
1
r sin θ
∂θ(sin θ[qθ]) sin θ dθ dφ =
=
1
r
∫
∆θ
∫
∆φ
∂θ(sin θ[qθ]) dθ dφ =
1
r
∫
∆θ
∂θ〈sin θ[qθ]〉φ dθ = 1
r
(〈sin θ[qθ]〉φ)θLθR = 0 (403)
(404)
〈∇φqφ〉 =
∫
∆Ω
1
r sin θ
∂φ[qφ] =
∫
∆θ
∫
∆φ
1
r sin θ
∂θ[qφ] sin θ dθ dφ =
=
1
r
∫
∆θ
∂φ[qφ] dθdφ =
1
r
∫
∆θ
∂φ〈ρUφ〉θ dφ = 1
r
(〈qφ〉θ)φLφR = 0 (405)
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